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Abstract This paper combines analytical and numerical
studies of light oil recovery by air injection. We investi-
gate in detail the internal structure of oxidation fronts in
two-phase flow in a porous medium, taking into account
reaction, vaporization, and condensation of liquid fuel,
with longitudinal heat conduction. Our solution shows that
between regimes of total and partial oxygen consumption
there is a change in the oxidation wave, which may have
negative implications for oxygen breakthrough in light oil
recovery process. In spite of the simplifications used to
derive the analytical solution, the latter agrees with direct
numerical simulations. Finally, based on our analytical solution,
we provide a phase diagram to predict conditions for total
or partial oxygen consumption in light oil recovery process.

Keywords Porous medium · Travelling wave · Oxygen
breakthrough · Oxidation wave struture · Light oil recovery

1 Introduction

Air injection leading to in situ combustion is generally
considered applicable to recovery of heavy oils because, e.g., it
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causes a significant reduction in oil viscosity, which improves
the oil extraction of the reservoirs. Notwithstanding, it can
be also used to recover light oils by mechanisms such as
combustion gas drive, distillation, and thermal expansion.
Several combustion models were proposed for describing in
situ combustion theoretically and experimentally, e.g., [1,
5–9, 12, 24, 27, 28, 36]. Most of them assume coke to be the
source of energy to sustain in situ combustion through high
temperature oxidation, although heat can also be produced
through oxidation of a liquid phase at medium temperature.
There are also papers that focus on numerical simulation of
the combustion process [2–4, 11, 15, 21, 23, 28, 37].

The mechanisms actually responsible for oil displace-
ment in the combustion process vary with the type of oil and
temperature. There is high temperature oxidation (HTO)
[30, 31], in which cracking occurs forming coke, which is
subsequently oxidized at high temperatures, and low tem-
perature oxidation (LTO), in which the oxygen is absorbed
or incorporated by the hydrocarbon molecules to form alco-
hols, aldehydes, acids, or other oxygenated hydrocarbons
[16, 17, 19]. The LTO may be followed by complete scis-
sion of molecules into small reaction products such as water,
CO, or CO2 [14, 17, 18, 22].

There has been recent progress in the development of the
mathematical theory for the recovery mechanism of light
oil by air injection at medium pressures [32, 33], which
was confirmed by numerical simulations [20] and by lab-
oratory experiments [22]. Note that air injection can be
very effective even in heterogeneous light oil reservoirs,
as the oil evaporates away from low permeability parts to
be collected at higher mobility streaks. The oxidation pro-
cess is characterized by a medium temperature oxidation
(MTO) wave [32]. In this wave, various physical processes,
i.e., reaction, vaporization, condensation, and filtration take
place. The name of the wave originates from the fact
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that the maximum temperature cannot exceed the boiling
temperature of the liquid oil at elevated pressure. Thus,
temperatures required for the cracking process are not
reached preventing the transition to HTO.

In our work, we consider the model proposed in [32]
focusing on the longitudinal thermal conduction effects, in
order to identify their influence in the internal structure
of the medium temperature oxidation wave. We emphasize
that there are no transversal heat losses in this model. Pre-
vious numerical studies in [20, 23] considered rather low
injection rates and obtained a solution with three nonlinear
waves: the thermal, oxidation, and saturation waves. Our
purpose is to perform analytical and numerical studies of
light oil recovery by air injection and investigate the effects
of injection rates varying from low to high. For the first
time, the effect of oxygen breakthrough in light oil recovery
is described analytically, which is a relevant contribution for
the petroleum engineering discipline. We show that when
diffusive and capillary effects are neglected, low injection
rates lead to complete oxygen consumption in a small region
of highest temperatures. On the other hand, when the injec-
tion rate increases, incomplete oxygen consumption in the
reaction can occur due to decrease in oxygen residence time.
The main conclusion is that increasing air injection rate
changes significantly the internal oxidation wave structure,
possibly causing oxygen breakthrough, which has negative
implications for the light oil recovery process. Thus, it is
crucial to prevent oxygen breakthrough as it increases the
explosion risk in the production well.

Section 2 describes the physical model, first in dimen-
sional way and then dimensionless variable are used in the
rest of the work. In the Section 3 analytical approximations
for the oxidation wave profile are obtained. These are ordi-
nary differential equations solved analytically in Section 4
under some simplifications. Section 5 presents an example
for heptane modeling light oil. Section 6 shows comparison
of theoretical results with numerical simulations. Finally,
we end with some conclusions and remarks.

2 Model formulation

We investigate the oxidation front in two-phase flow origi-
nating from the injection of a gaseous oxidizer (air) is into
porous rock initially filled with liquid fuel (light oil). As
our main application, we consider light oil recovery by air
injection (as opposed to in-situ combustion for heavy oil
recovery), but other applications, e.g., cleaning up soils, can
be considered. In this case, the temperature is bounded by
the boiling point of the liquid and, thus, remains relatively
low.

In our model, we disregard gaseous phase chemical reac-
tions [25]. When oxygen reacts with liquid hydrocarbons at
low temperatures, a series of reactions may occur that con-
vert hydrocarbons into oxygenated hydrocarbons (ketone,
alcohols, and aldehyde) [13]. Further oxidation leads to
complete scission of the hydrocarbons. In this paper, the
combination of reaction to oxygenated hydrocarbons with
the subsequent reaction to gaseous products is simplified in
the form of a single reaction modeled as

νl(hydrocarbons) + O2 → νg (gaseous products), (1)

i.e., one mole of oxygen reacts with νl moles of ini-
tially present (liquid) hydrocarbons, generating νg moles
of gaseous products (H2O, CO2, etc.), which are taken as
inert. In this model, all hydrocarbons are grouped into a
single pseudo-component and air is totally immiscible in
the liquid phase. Thus, the differences in physical proper-
ties of the liquid due to changes of its composition can be
disregarded (density, viscosity, boiling temperature, etc.).
We neglect water that may be present initially or that con-
denses from the reaction products, and typically favors the
oil recovery [20].

We study one-dimensional flow in the positive spatial
direction x of two phases, a liquid and a gas. The liquid
has saturation sl , describing the fraction of pore volume
occupied by the liquid. The gas saturation is, therefore,
sg = 1 − sl . In the gaseous phase, we distinguish the
molar fraction of the hydrocarbon Yh from the molar frac-
tion of oxygen Yo. The remaining components with fraction
lumped into Yr = 1 − Yh − Yo consist of gaseous reaction
products and inert components from the injected gas. The
liquid and gas molar densities are indicated by ρl and ρg ,
respectively. The molar balance equations for the liquid and
for the three gaseous pseudo-components are [32]:

∂

∂t
ϕρlsl + ∂

∂x
ulρl = −νlWr − Wv, (2)

∂

∂t
ϕYhρgsg + ∂

∂x
ughρg = Wv, (3)

∂

∂t
ϕYoρgsg + ∂

∂x
ugoρg = −Wr, (4)

∂

∂t
ϕYrρgsg + ∂

∂x
ugrρg = νgWr. (5)

The reaction and vaporization rates Wr and Wv are
defined in Eqs. 17 and 18 below.

Neglecting capillary pressure effects, the liquid (ul), gas
(ug), and total (u) Darcy velocities have the form

ul = −k
krl

μl

∂P

∂x
, ug = −k

krg

μg

∂P

∂x
, u = ul + ug (6)



Comput Geosci

with the viscosities μl , μg , absolute permeability k and
pressure P . The relative phase permeability functions are
chosen as

krl =
(

sl − sr
l

1 − sr
l

)2

for sl ≥ sr
l , and 0 otherwise; (7)

krg = (1 − sl)
2, (8)

where sr
l is the residual liquid hydrocarbon saturation, while

the residual gas saturation is assumed to be zero. The tem-
perature dependence of the gas and liquid viscosities μg and
μl in cP is chosen as in [34] (for T in Kelvin):

μg = 7.5

T + 120

(
T

291

)3/2

, μl = 0.0132 exp

(
1006

T

)
,(9)

which correspond to air and heptane.
It is convenient to express the Darcy velocities of liquid

ul and gas ug in Eqs. 2–5 as

ul = ufl, ug = ufg = u − ul, (10)

where the liquid and gas fractional flow functions are given
in term of relative permeabilities and viscosities as

fl = krl/μl

krl/μl + krg/μg

, fg = 1 − fl. (11)

Neglecting molecular diffusion, the Darcy velocities for the
gas components in Eqs. 3–5 are

ugj = ugYj (j = h, o, r). (12)

Taking the sum of Eqs. 3–5, using Eq. 12 and recalling
the identity Yh + Yo + Yr = 1, we obtain the equality ugh +
ugo+ugr = ug as well as the balance law for the total gas as

∂

∂t
ϕρgsg + ∂

∂x
ugρg = (νg − 1)Wr + Wv. (13)

Assuming that the temperature of the solid rock, the
liquid, and the gas are equal at each time and position
(local thermodynamic equilibrium), we can write the energy
balance equation as

∂

∂t

(
Cm + ϕclρlsl + ϕcgρgsg

)
�T

+ ∂

∂x
(clulρl + cgugρg)�T

= λ
∂2T

∂x2
+ QrWr − QvWv, (14)

where Qv is the latent heat of vaporization, Qr is the heat
of reaction and �T = T − Tres , with initial reservoir
temperature Tres . In Eq. 14, the heat capacities Cm, cl , cg

are taken as constants, which is a good approximation and
facilitates the analysis. We neglect heat losses, which are
usually very small in field applications (however, taking

into account heat losses becomes essential for interpreting
laboratory experiments).

For the gas phase, we use the law of ideal gases to define

ρg = P/RT . (15)

The partial pressure Y
eq
h P of the gaseous hydrocarbon

in liquid–gas equilibrium can be approximated by the
Clausius-Clapeyron relation written as

Y
eq
h P = Patm exp

(
−Qv

R

(
1

T
− 1

Tbn

))
, (16)

where Tbn is the (normal) boiling point of the liquid hydro-
carbon measured at atmospheric pressure Patm. This rela-
tion determines the equilibrium fraction of gaseous hydro-
carbon Y

eq
h . Taking Y

eq
h = 1 in Eq. 16, one recovers the

actual boiling temperature T = Tb at pressure P of the
hydrocarbon considered.

The vaporization/condensation rate in the two-phase
region is approximated by

Wv = kvϕ(Y
eq
h − Yh)ρgsl, (17)

where kv is the vaporization/condensation rate constant and
Y

eq
h is given in Eq. 16. Note that Eq. 17 represents both

physical phenomena, either vaporization (Yh < Y
eq
h ) or

condensation (Yh > Y
eq
h ). This formulation can be consid-

ered as a consequence of non-equilibrium thermodynamics,
see for instance [25, 35]. We assume that kv is very large,
describing the situation close to local thermodynamic equi-
librium for the gaseous hydrocarbon mole fraction Yh, i.e.,
assuming that vaporization and condensation are instanta-
neous.

For the reaction, one usually employs a rate equation of
the form

Wr = Arϕρlsl

(
PYo

Patm

)
exp

(
−Tac

T

)
, (18)

with pre-exponential factor Ar and activation temperature
Tac = Eac/R. The reaction rate becomes large at elevated
temperatures. However, the reaction is assumed to be much
slower than the vaporization and condensation.

A similar model was studied in [33], where the heat con-
duction term λ∂2T/∂x2 in Eq. 14 was neglected. However,
we will see that this term is important for determining the
oxidation wave profile.

2.1 Dimensionless equations

In order to give us insight into what might be small param-
eters that could be neglected in our analytical solution,
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we reformulate our system of equations in terms of the
dimensionless quantities below.

t̃ = t

t∗
, x̃= x

x∗, θ = T−Tres

�T∗ , ũ= u

ϕv∗, p̃= P

P ∗, ρ̃g = ρg

ρ∗
g

,

(19)

where the reference variables, which are denoted by an
asterisk, are:

t∗ = x∗

v∗ , x∗ = λ

Cmv∗ , v∗ =
Qr

(
ρgu

)
inj

Y
inj
o

Cm�T ∗ , (20)

ρ∗
g = P ∗

RTres

, �T ∗ = T ∗
b − Tres, μ∗ = μg(Tres). (21)

The dimensionless variable θ describes the temperature dis-
tribution; the reservoir initial condition is θ = 0. We define
the boiling temperature T ∗

b at pressure P ∗, where the refer-
ence pressure P ∗ is chosen to be convenient in each case.
Hence, the value θ = 1 corresponds the boiling tempera-
ture at p̃ = 1. The air injection rate

(
ρgu

)
inj

is considered
to be constant and the reference quantities t∗ , x∗, and v∗
are obtained by considering a wave whose reaction heat
raises the rock temperature to T ∗

b . We will use the following
dimensionless parameters:

αl = ϕclρl

Cm

, αg = ϕcgρ
∗
g

Cm

, γ = Qv

Qr

, β = ρ∗
g

ρl

, (22)

ar = t∗ArρlP
∗

ρ∗
gPatm

, σ = ρ∗
gv∗ϕ(

ρgu
)
inj

, κv = kvt
∗,

� = kP ∗

x∗μ∗ϕv∗ , (23)

θ0 = Tres

�T ∗ , θac = Tac

�T ∗ , θh = Qv

R�T ∗ . (24)

The governing system of equations for our model is trans-
formed using the dimensionless variables described above
(omitting tildes) to

∂

∂t
sl + ∂

∂x
ufl = −β(νlwr + wv), (25)

∂

∂t
YhSg + ∂

∂x
uYhFg = wv, (26)

∂

∂t
YoSg + ∂

∂x
uYoFg = −wr, (27)

∂

∂t
Sg + ∂

∂x
uFg = (νg − 1)wr + wv, (28)

∂

∂t
(1 + αlsl + αgSg)θ

+ ∂

∂x
u(αlfl + αgFg)θ = ∂2θ

∂x2
+ σ(wr − γwv)

Y
inj
o

, (29)

where

ρg = p

1 + θ/θ0
, Sg = (1 − sl)ρg, Fg = (1 − fl)ρg.

(30)

The five balance laws (25)–(29) describe the flow in terms
of the dependent variables θ , sl , Yo, Yh, and u. The dimen-
sionless forms of vaporization and reaction rates are given
by

wv = κv(Y
eq
h − Yh)ρgsl, (31)

wr = arpslYo exp

(
− θac

θ + θ0

)
, (32)

with the equilibrium fraction

Y
eq
h = Y(θ)

p
, Y(θ) = exp

(
θh

θ0 + 1
− θh

θ0 + θ

)
. (33)

The dimensionless pressure can be found by integrating

∂p

∂x
= − u

ϒ
, ϒ(θ, sl) =

(
krl

μl/μ∗ + krg

μg/μ∗

)
�, (34)

which is derived from Eq. 6, with boundary condition
defined at the recovery side.

Note that according to Eq. 11, the fractional flow func-
tion fl(sl, θ) has an S-shaped form in the variable sl with a
single inflection point and the limiting values fl(0, θ) = 0,
fl(1, θ) = 1 for purely gaseous and purely oleic flow.
Typical liquid and gas viscosities satisfy dμl/dθ < 0 and
dμg/dθ > 0, see Eq. 10. These inequalities together with
Eq. 11 yield

∂fl(sl, θ)

∂θ
≥ 0. (35)

In order to facilitate the analysis and shorten the formula
of the final analytical solution, we introduce the following
simplifications in the model. We assume that there exists
no net gas production in the reaction. We also consider
the vaporization and condensation as the dominant source
term in the liquid phase balance compared to the oxida-
tion. We neglect the vaporization heat compared to the
energy released by the reaction. These simplifications lead
the following parameter values:

νg = 1, νl = 0, γ = 0. (36)

Due to the small oxidation wave speed compared to the gas
velocity, to the small ratio between the gas and the liquid den-
sity, see Eqs. 22 and 23, and low initial reservoir tempera-
ture, we will assume that

σ � 1, β � 1, Y(0) � 1, (37)
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where the last inequality implies that initially there is a
very small fraction of gaseous hydrocarbon at the initial
temperature in the reservoir.

3 Oxidation wave

In the oxidation wave, pressure variations are assumed to
be small compared to the prevailing pressure. Under this
condition, the pressure P is approximately constant along
the wave with a value denoted by Pw. Although this pres-
sure changes in time, this change is slow compared to the
oxidation processes within the wave and a quasi-stationary
approach can be used to analyze this wave. Therefore, we
are allowed to choose a constant pressure P = Pw to be
the reference quantity P ∗, leading to the non-dimensional
value p = 1. We also assume that the oxidation wave has
a stationary profile moving with constant speed v. Then the
profile for the oxidation wave can be written in terms of a
single independent traveling coordinate, ξ = x − vt .

We can distinguish the vaporization from the condensa-
tion region in the oxidation wave, Fig. 1. The vaporization
region is located on the upstream part, where the hot injected
gas meets the liquid and the vapor hydrocarbon fraction
increases from Yh = 0 to the equilibrium value Y

eq
h . The

vaporization region is very thin (compared to the reac-
tion and thermal conduction zones in the condensation
region) under the assumption of fast vaporization. In par-
ticular, it represents a jump in Yh if the vaporization is
assumed to be instantaneous. We can neglect the change
of temperature in this very thin region, so that θ ≈ θu.
Recall that the vaporization heat was neglected in Eq. 36;
otherwise, a small increase of temperature occurs [32].

The dimensionless balance laws, (25)–(29), for the travel-
ling wave profile in the frame of reference, ξ = x − vt ,
become

d

dξ
ψl = −βwv, (38)

d

dξ
ψgYh = wv, (39)

d

dξ
ψgYo = −wr, (40)

d

dξ
ψg = wv, (41)

d

dξ
(−vθ + αlθψl + αgθψg) = d2θ

dξ2
+ σwr

Y
inj
o

, (42)

where we used conditions (36) and introduced the liquid and
gas fluxes in the moving reference frame as

ψl = ufl − vsl, ψg = uFg − vSg. (43)

Using Eqs. 43 and 30 with p = 1, one can check that the fol-
lowing equality relating the fluxes in the moving reference
frame, ψl and ψg , is satisfied:

ψg(1 + θ/θ0) = u − v − ψl. (44)

The upstream condition for the oxidation wave corre-
sponds to air injection in the reservoir with no oil, Fig. 1.
Here, the temperature θu is elevated due to the heat released
by oxidation. The condition for the gas flux, uFg , is
obtained by approximating its value by a constant in the
region between the injection point and the oxidation wave,
as it follows from Eq. 28 with vanishing source terms and
negligible time derivative, see e.g. [32]. At the injection
region, the oil flux vanishes, fl = 0, and Eqs. 30, 19, and 23

Fig. 1 Schematic structure of the wave profile with the vaporization
region (VR) and condensation region (CR) showing the tempera-
ture θ , oil saturation sl , the oxygen fraction Yo and the hydrocarbon
fraction Yh in the gas phase: a complete oxygen consumption at

highest temperatures followed by an exponential decrease of tempera-
ture downstream, b oxygen breakthrough leading to a long logarithmic
tail downstream. The flow direction is from the left to the right
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yield the dimensionless value uFg = 1/σ . We summarize
this boundary condition as

ξ → −∞ : θ = θu, sl = Yh = 0, Yo = Y
inj
o ,

uFg = 1

σ
. (45)

The downstream condition describes the reservoir with
oil in equilibrium with its vapor at the initial reservoir
temperature:

ξ → +∞ : θ = 0, sl = sd
l > 0, Yh = Y(0),

Yo = 0, u = ud. (46)

The conditions (45) and (46) contain the unknown tempera-
ture θu on the upstream side and the unknown oil saturation
sd
l and the gas speed ud on the downstream side. The wave

speed v also has to be found.

3.1 Limiting states of oxidation wave

In order to find the limiting states in Eqs. 45 and 46, we
substitute wv and wr from Eqs. 39 and 40 into Eqs. 42, 38
and 41, yielding

d

dξ

(
−vθ + αlθψl + αgθψg − dθ

dξ
+ σψgYo

Y
inj
o

)
= 0, (47)

d

dξ

(
ψl + βψgYh

) = 0, (48)

d

dξ

(
ψg(1 − Yh)

) = 0. (49)

These equations above still represent the balance laws for
our system of equations. However, as we are first interested
in the limiting states of the oxidation wave, this new system
of equations can be used directly for obtaining the upstream
and downstream conditions in the oxidation wave. Integrat-
ing the equations above with respect to ξ from −∞ to ∞
with boundary conditions (45) and (46) yields

− vθu + αlθ
uψu

l

+αgθ
uψu

g + σψu
g = 0, (50)

ψu
l = ψd

l + βψd
gY(0), (51)

ψu
g = ψd

g (1 − Y(0)). (52)

As outcome, we have three algebraic equations for the lim-
iting states, where ψu

l,g and ψd
l,g denote the fluxes (43) at the

upstream and downstream sides.
Using the upstream boundary condition (45), where sl =

0 and fl = 0 due to lack of oil, from Eq. 43, we find

ψu
l = 0, ψu

g = 1

σ
− v

1 + θu/θ0
≈ 1

σ
, (53)

where the last relation follows from condition (37) because
v ∼ 1 by the chosen of the reference quantities. The down-

stream fluxes are found by solving Eqs. 51 and 52 in terms
of ψd

l and ψd
g , and using Eqs. 53 and 37 as

ψd
l = − βY(0)

σ (1 − Y(0))
≈ −βY(0)

σ
,

ψd
g = 1

σ(1 − Y(0))
≈ 1

σ
. (54)

Finally, by substituting Eq. 53 into Eq. 50, we obtain the
expression for upstream temperature,

θu =
(
v − αg

σ

)−1
. (55)

Substituting Eq. 54 into Eq. 44 computed on the down-
stream side (46) with the simplifications (37), we derive an
equation for downstream Darcy velocity,

ud = ψd
l + ψd

g + v = 1 − βY(0)

σ
+ v ≈ 1

σ
. (56)

The first expression in Eq. 43 computed on the down-
stream side (46) with Eqs. 54 and 56 yields the nonlinear
equation for the saturation sd

l as

fl(s
d
l , 0)

σ
− vsd

l = −βY(0)

σ
. (57)

We obtained the three Eqs. 55, 56, and 57, which deter-
mine the oxidation temperature θu and the downstream state
sd
l and ud , provided that the wave speed v is known. It will

be obtained in the following section.

3.2 Wave speed

The set of balance laws are not enough to determine the
limiting states at upstream and downstream states, since in
the moving reference frame the wave speed is an extra vari-
able. To determine the oxidation wave speed, integration of
Eqs. 47–49 is performed in the semi-infinite interval from
−∞ to ξ , which leads to

(−v + αlψl + αgψg

)
θ − dθ

dξ
+ σψgYo

Y
inj
o

= 0, (58)

ψl + βψgYh = 0, (59)

ψg(1 − Yh) = 1
σ
, (60)

where the constants on the right-hand side correspond to the
left-hand side expressions evaluated at ξ → −∞ using con-
dition (45) and Eqs. 53 and 55. From Eqs. 59 and 60, we
obtain the gas and liquid flux in the moving reference frame.

ψg = 1

σ(1 − Yh)
, ψl = − βYh

σ(1 − Yh)
. (61)

Substituting Eq. 61 into Eq. 44, we derive an expression
for

u = 1 + θ/θ0 − βYh

σ(1 − Yh)
+ v ≈ 1 + θ/θ0

σ(1 − Yh)
, (62)
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where we used conditions (37).
Using Eq. 61 in the definition of ψl in Eq. 43, we obtain

ufl(θ, sl) − vsl = − βYh

σ(1 − Yh)
. (63)

It was shown in [32] that Eq. 63 allows a continuous wave
profile if the following condition

v =
(

u
∂fl

∂sl

)
r

(64)

is satisfied at the point “r”, separating the vaporization and
condensation regions, Fig. 1. This equation represents the
resonance condition, i.e., the coincidence of the oxidation
wave speed v with the characteristic speed, u (∂fl/∂sl), of
the saturation (Buckley–Leverett) wave.

At the resonance point, we have θ ≈ θu and Yh = Y(θu),
which follow from the small size of vaporization region and
the equilibrium condition, as we wrote above in this section.
Then the gas speed is given by Eq. 62. Hence, the system
of two Eqs. 63 and 64 can be solved with respect to the two
unknown, v and sl , providing the wave speed v and the oil
saturation sl at the resonance point.

4 Wave profile

Detailed structure of the wave profile, including localiza-
tion of the oxidation reaction with possible oxygen break-
through, is the main result of our paper and it will be derived
in this section. For this purpose, we rewrite Eq. 58. First, we
isolate the temperature derivative in Eq. 58, next we replace
the terms ψg and ψl from Eq. 61, and finally, we express v

from Eq. 55 in terms of θu. This procedure yields an expres-
sion for dimensionless temperature in the moving reference
frame,

dθ

dξ
= − θ

θu
−

(
αlβ − αg

)
Yh

σ (1 − Yh)
θ + Yo

Y
inj
o (1 − Yh)

. (65)

Similarly, Eq. 40 with ψg from Eq. 61 and wr from Eq. 32
with p = 1 is written as

d

dξ

(
Yo

1 − Yh

)
= −σarslYo exp

(
− θac

θ + θ0

)
. (66)

Although the expressions above represent the whole recov-
ery domain, we are actually interested in the condensation
region, where most of the reaction occurs. Here, the equi-
librium condition yields Yh = Y(θ) and the saturation sl is
given by Eq. 63. The latter equation possesses two roots and
the large one must be chosen [33].

We split our analysis into two parts. First, let us consider
the oxygen consumption mechanism in the region of highest

temperatures θ ≈ θu. In this region, we can write Eqs. 65
and 66 approximately as

dθ

dξ
= −K1 + η, (67)

dη

dξ
= −K2slη exp

(
− θac

θ + θ0

)
, (68)

where the new variable η, which essentially represents the
fraction of the oxygen that is consumed in the reaction, is
defined as

η = Yo

Y
inj
o (1 − Y(θu))

, (69)

and the constants K1 and K2 below are only defined to
compact Eqs. 66 and 65,

K1 = 1 +
(
αlβ − αg

)
Y(θu)

σ (1 − Y(θu))
θu, (70)

K2 = σar

(
1 − Y(θu)

)
. (71)

In the derivation of Eqs. 67 and 68, we kept the temperature
dependence of the Arrhenius term due to large θac, which
leads to strong temperature dependence, while θ = θu and
Yh = Y(θu) is assumed in the other terms.

As we already mentioned, the reaction can be neglected
in the vaporization region, where the oxygen flux in Eq. 40
is approximated as ψgYo ≈ Y

inj
o /σ according to the

upstream conditions (45). With ψg from Eq. 61, this pro-
cedure yields η = 1 at the resonance point according to
Eq. 69.

In order to find a solution, we divide Eq. 68 by Eq. 67,
and as consequence, we have a relation between the oxygen
consumption and temperature below,

dη

dθ
= K2slη

K1 − η
exp

(
− θac

θ + θ0

)
. (72)

Linearizing the exponential expression in Eq. 72 near the
maximum temperature θu yields

− θac

θ + θ0
≈ − θac

θu + θ0
+ Zl(θ − θu), (73)

where the Zeldovich number

Zl = θac

(θu + θ0)2
	 1 (74)

is large due to the high activation energy. Thus, a small
temperature decrease

δθ ∼ 1/Zl � 1 (75)

leads to a considerable decrease of the Arrhenius expo-
nential term. According to Eq. 67, this temperature change
occurs in a small space interval,

δξ ∼ δθ

|K1| ∼ 1

Zl |K1| . (76)



Comput Geosci

As the behavior of the right-hand side of Eq. 72 is dom-
inated by the strong exponential dependence on θ , the
change of the oil saturation has minor importance, and we
can take it constant sl = sr

l with the value at the resonance
point. Hence, Eq. 72 with the above simplifications reads

dη

dθ
≈ CZlη

K1 − η
eZl(θ−θu), (77)

where

C = K2s
r
l

Zl

exp

(
− θac

θu + θ0

)
. (78)

Writing Eq. 77 as(
K1

η
− 1

)
dη = CZle

Zl(θ−θu)dθ (79)

and integrating in the region of highest temperatures θ1 ≤
θ ≤ θu with the corresponding interval η1 ≤ η ≤ 1 yields

−K1 log η1 − 1 + η1 = C − CeZl(θ1−θu) ≈ C, (80)

where the term with eZl(θ1−θu) � 1 can be neglected due to
the large value of Zl . Equation 80 determines the value of
η1, which can be used in Eq. 69 to find the oxygen fraction
that passes unburned through the highest temperature region
as

Yunb
o = Y

inj
o

(
1 − Y(θu)

)
η1. (81)

When Yunb
o � Y

inj
o , most of oxygen is consumed in a

thin region of high temperatures. In this case, we can take
Yo = 0 and assume the equilibrium condition, Yh = Y(θ),
downstream in the condensation region. Then, Eq. 65 can be
integrated as

ξ = ξ0 +
∫ θu

θ

(
1

θu
+

(
αlβ − αg

)
Y(ϑ)

σ (1 − Y(ϑ))

)−1
dϑ

ϑ
, (82)

where the constant ξ0 denotes the location of the high-
temperature reaction region in a chosen reference frame.
Equation 82 determines implicitly the temperature profile
θ(ξ). Since the integral is dominated by the factor dϑ/ϑ ,
we have a fast nearly exponential decay of the temperature
in the condensation region, Fig. 1a.

Otherwise, if Yunb
o is significant, the oxygen propa-

gates to the region of lower temperatures. When the low-
temperature reaction is not negligible, a long reaction tail

may appear [10]. This is typically the case in our study,
due to relatively low activation energy of the light oil oxi-
dation combined with elevated reservoir temperatures [13].
In this case, we can determine the shape of the reaction tail
approximately by neglecting the derivative dθ/dξ (a long
tail implies small spatial derivatives) in Eq. 65 and assume
equilibrium condition Yh = Y(θ). This yields

Yo = Y
inj
o (1 − Y(θ))

(
1

θu
+

(
αlβ − αg

)
Y(θ)

σ (1 − Y(θ))

)
θ. (83)

At low temperatures, Y(θ) � 1, and we can simplify Eq. 83
as

Yo ≈ Y
inj
o θ

θu
. (84)

Therefore, the equation for the temperature profile can be
determined from Eqs. 66 and 84 as

Y
inj
o

θu

dθ

dξ
= −σars

d
l

(
Y

inj
o θ

θu

)
exp

(
− θac

θ + θ0

)
, (85)

where we again used Yh ≈ Y(θ) � 1 and took into account
the downstream value sl = sd

l of the oil saturation. By inte-
grating Eq. 85, we obtain the following implicit expression
for the temperature profile

ξ = ξ0 + 1

arσ sd
l

∫ θu

θ

exp

(
θac

ϑ + θ0

)
dϑ

ϑ
. (86)

Due to large value of θac, the integral on the right-hand
side of Eq. 86 is dominated by the large exponential term
(until θ becomes very small). This domination causes the
exponential decrease of ξ with increasing θ , or equivalently,
slow logarithmic decay of θ(ξ). The oxygen fraction profile
follows the same scenario due to Eq. 84. Therefore, a long
logarithmic tail is formed, which is associated with oxygen
breakthrough into the region of low temperatures, Fig. 1b.

5 Example: oxygen consumption for in situ
oxidation of heptane

To demonstrate the theory developed so far on a specific
example, we use the reservoir data given in Table 1, which
corresponds to air injection at various pressures and rates

Table 1 Values of
dimensional reservoir
parameters for heptane as a
liquid fuel [32]

Qr = 400 kJ/mol Tini = 300 K λ = 3 W/m K

Qv = 31.8 kJ/mol Tbn = 371 K kv = 1.0 1/s

(ρgu)inj = 0.01 − 1000.0 kmol/m2/day Tb = Tb(Pres) sr
l = 0.25

Cm = 2 MJ/m3K Tac = 7066 K Ar = 4060 1/s

cg = 29 J/mol K Pres = 10 − 100 bar νl = 0.090 [mol/mol]

cl = 224 J/mol K ϕ = 0.3 νg = 1.36 [mol/mol]

ρl = 6826 mol/m3 Y
inj
o = 0.21 k = 10−9 m2
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Fig. 2 a Unburned oxygen fraction Yunb
o in the high-temperature

region as function of air injection rate for reservoir pressure Pres =
10 bar. b Unburned oxygen fraction in % of total oxygen at different
injection rates and pressures

into porous rock containing heptane modeling a single
pseudo-component light oil. As experimental data on oxi-
dation rates at low temperatures in porous media is very
limited, parameter values for the reaction kinetics are cho-
sen to be compatible with experimental results obtained
in [13].

Figure 2a shows the fraction of oxygen Yunb
o passing

unburned through the high-temperature region, which was
computed at pressure 10 bar using Eq. 81 as described
in Section 4. One can see that as air injection rate
increases from low to high values, the oxidation mecha-
nism in the high-temperature region undergoes a continuous
change from total oxygen consumption for (ρgu)inj �
1 kmol/m2/day to partial oxygen consumption and then
to complete oxygen breakthrough for (ρgu)inj � 20
kmol/m2/day. Note that the right limiting value of the curve
in Fig. 2a corresponds to complete oxygen breakthrough

(no oxygen consumption) in the high-temperature region.
One should not be confused with the fact that this limiting
value is different from the initial fraction Y

inj
o = 0.21 in the

injected air, because the vaporization process contributes to
the gas mixture altering the oxygen fraction from its initial
value to a lower value.

Figure 2b shows the dependence of the unburned oxygen
fraction Yunb

o on both, air injection rate and pressure. One
can see that the oxygen consumption increases for higher
pressures, so that the oxygen breakthrough region is shifted
to higher injection rates. This occurs due to increase of reac-
tion rate with pressure, see Eq. 18, while larger injection
rates reduce oxygen residence time.

Below we consider two specific cases corresponding to
the air injection rates of 0.138 (case I) and 13.8 kmol/m2/day
(case II), both at pressure of 10 bar. The first case cor-
responds to total oxygen consumption, while the second
case describes a oxidation regime with almost no oxygen
burned at high temperatures, see Fig. 2. These two cases
correspond, respectively, to the injection Darcy velocities of
0.07 and 34 m/day. In applications, where Darcy velocity
decreases with distance from the injection well, these cases
may correspond to the oxidation process far from or close
to the injection well. We first present the theoretical results
and then compare them with direct numerical simulations in
the section that follows.

Theoretical predictions for the oxidation wave speed
and upstream/downstream states are obtained by solving
numerically Eqs. 63, 64 and 55, which determine the dimen-
sionless values of θu, v and sr

l . Next, the oil saturation sd
l

downstream of the wave is found from Eq. 57. The result-
ing dimensional values v (m/day), T u (in Kelvin) and sd

l

are listed in the second column of Table 2, which will be
compared with the values obtained from direct numerical
simulations.

Table 2 Comparison of theoretical prediction for oxidation wave
speed v and limiting states T u, sd

l with direct numerical simulations
for the full model (FM) and the simplified model (SM) in the cases I
and II

Variable Analytical FM simulation SM simulation

Case I

v (m/day) 0.0125 0.0116 0.0112

T u (K) 397 385 395

sd
l 0.52 0.51 0.52

Case II

v (m/day) 6.21 5.9 6.07

T u (K) 397 417 412

sd
l 0.52 0.5 0.5
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Fig. 3 Results of numerical simulations: a Case I with low air injec-
tion rate, when all oxygen is consumed at high temperatures. b Case II
with high air injection rate leading to oxygen breakthrough and long
low-temperature tail in the wave profile. Shown are the liquid satura-
tion sl , molar fractions Yh and Yo (hydrocarbon and oxygen) in gaseous

phase and the temperature T at fixed times. The temperature is indi-
cated at the right axis; other variables vary between 0 and 1 as indicated
at the left axis
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Fig. 4 Comparison of the wave profile obtained analytically (red
curves) with direct numerical simulations (black curves) in the case II
corresponding to a high air injection rate. a The temperature T and b

the oxygen fraction Yo in gaseous phase. c Graphs of analytical solu-
tions with logarithmic horizontal scale, where x0 = 24.7 m is the
location of high-temperature region



Comput Geosci

6 Comparison with numerical simulations

We performed numerical simulations for the example of
the previous section. For this purpose, we used a central
finite difference scheme in space and the backward implicit
method in time with an adaptive time step control [26] for
all equations except for Eq. 6, which is calculated explicitly.
This discretization yields a system of nonlinear equations
at each time step, which is solved by the inexact Newton
method [29]. In order to derive an equation for pressure,
(87), we multiply Eq. 2 by ρg/ρl and combine it with Eq. 13.
Equation 87 is treated separately from the rest of the sys-
tem but also using backward implicit method and inexact
Newton method.

Namely, at each time step, the system of Eqs. 2, 3, 4,
and 14 is solved for a fixed Darcy velocity profile and
pressure from a previous time step. Then, Eq. 87 is solved
separately only for pressure p, as the gas density ρg is a
function of p, see Eq. 30. As a splitting technique, Eq. 87
solution is carried out with all other variables fixed, except
for pressure. Finally, the Darcy velocity is computed by
means of Eq. 6.

ϕ (1 − sl)
∂ρg

∂t
+ u(1 − fl)

∂ρg

∂x
=

(
ρg

ρl

νl + νg − 1

)
Wr

+
(

1 − ρg

ρl

)
Wv

−ρg

∂u

∂x
(87)

For our simulations, we used a spatial grid step of 0.1 m,
which is fine enough to capture the multi-scale processes.

We take the initial reservoir conditions in the form

t = 0, x ≥ 0 : T = T ini, sl = sini
l R(x),

Yh = Y
eq
h , Yo = 0, (88)

where R(x) is a ramp function. These conditions correspond
to a cold reservoir filled with oil at saturation sini

l and a
gas phase, which is in equilibrium with the oleic phase and
contains no oxygen. The boundary conditions at x = 0
(injection side) are

sl =Yl =0, T =T ini, ρu=(ρu)inj , Yo = Y
inj
o . (89)

The boundary conditions at x = L are chosen as

∂xslW = ∂xYo = ∂xYh = ∂xT = 0, P = Pres, (90)

featuring the fixed pressure Pres at the recovery side.
Numerical simulations were carried out for two values of

injection rate corresponding to cases I and II. A steady oxi-
dation wave was produced after a while in both cases. The
wave profiles are shown in Fig. 3 for representative time val-
ues, when the oxidation process is stabilized. The pressure
variations were small (not shown in the figures), with the

prevailing pressure close to Pres . The temperature increases
from the initial value of 300 K to the maximum value of
385 K in case I (420 K in case II) at the downstream side
of the oxidation wave. One can distinguish a thin region at
upstream side of the oxidation wave, where the oil is vapor-
ized leading to a peak of the respective gaseous fraction Yh.
Further downstream, there is a wide region where the oil
condenses while temperature decreases. The oil saturation sl
increase abruptly, as a result of oil vaporization and conden-
sation processes along the wave, reaching the downstream
value of sd

l = 0.52 in case I (sd
l = 0.5 in case II).

The oxidation wave speed and limiting states obtained
in numerical simulations are presented in Table 2 (“FM
simulation” column) and show good agreement with the the-
oretical predictions. A deviation can be partially attributed
to the simplifications used in order to obtain the analytical
solution. We confirm this fact with a different simulation
(“SM simulation” column in Table 2), where the most sig-
nificant simplifications given by Eq. 36 are included in the
numerical model. The values obtained in such simulations
are indeed closer to the theoretical ones.

Note that the oxidation wave speed, 0.0125 m/day in case
I (6.21 m/day in case II), is only about six times smaller
than the air injection Darcy speed, which equals 0.07 m/day
(34 m/day in case II). Together with the jump in the oil sat-
uration from zero to a relatively high value sd

l ≈ 0.5 at
the downstream side, these properties contribute to the effi-
ciency of the oil recovery mechanism in the oxidation wave.
The main difference between the cases I and II, predicted
theoretically and observed numerically, is that all oxygen is
consumed at high temperatures in case I, while the oxygen
spreads over the wide condensation region, thus, penetrating
deep into the cold zone in case II.

Finally, let us analyze the details of the oxygen and
temperature profiles in the case II, demonstrating the slow
logarithmic decay into the downstream cold zone, as it
was concluded from the analysis in Section 4. The ana-
lytic solution for these profiles obtained from the integration
of Eq. 86 is shown in Fig. 4a, b (red line). That solution
is superimposed with the results of numerical simulations
showing good agreement. Figure 4c presents the analytic
solution with the logarithmic horizontal scale, demonstrat-
ing nearly linear decay in the central part. As we already
mentioned, this implies slow logarithmic decay for both
oxygen and temperature profiles.

7 Conclusion

In this work, we studied the oxidation process in a porous
medium to assess the effect of the air injection rate in light
oil recovery. The model used allows some essential insights
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of how the injection rate can change the oxidation wave
structure. Based on our results, we state that this change in
the wave structure occurs due to the oxygen breakthrough
and leads to a long logarithmic tail downstream of the wave.
From the simulations, one can see that at low injection rates,
the oxygen is consumed completely within a short distance.
However, when the air injection rate is high, oxygen prop-
agates a long distance inside the oil containing region. This
is undesirable due to the danger of oxygen breakthrough at
the production well.

With some extra simplifications in the model, we derived
an analytical solution and obtained the condition for the
oxygen is totally consumed in a region of highest temper-
atures. The analytical and numerical solutions agree with
reasonable accuracy, as shown in Table 2 and Fig. 4. In addi-
tion, we show the phase diagram describing the oxidation
regimes of total and partial oxygen consumption based on
the two parameters: air injection rate and pressure. Thus,
we can conclude that this analytical approach is suitable to
predict and control the oxygen consumption in the light oil
recovery process, and therefore, it is able to identify the
explosion risk in the production well. Note that the main
advantage of our approach over the numerical solution is
that, while the numerical simulation can require a large
computational resource, our solution is simple enough to be
determined with a very low computational cost.
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Nomenclature

Ar Oxidation reaction pre-exponential factor, 1/s

i Liquid (l) and gas (g) phases
ci Heat capacity of phase i (l or g), J/(molK)

Cm Heat capacity of porous matrix, J/(m3K)

fi Fractional flow function of phase i

k Rock permeability, m2

kri Relative permeability of phase i

Pres Reservoir pressure, Pa

Qr Oxidation reaction enthalpy per mole of oxy-
gen at reservoir temperature, J/(mol)

Qv Latent heat of vaporization at reservoir temper-
ature, J/(mol)

R Ideal gas constant, J/(molK)

si Saturation of phase i

T Temperature, K
Tbn Normal boiling temperature of oil, K
T ini Initial reservoir temperature, K

T ac Oxidation activation temperature, K
ui Darcy velocity of phase i, m/s

ugj Darcy velocity of component of hydrocarbons
(h), oxygen (o) and remaining components (r)
in the gas phase, m/s

uinj Darcy velocity of injected gas, m/s

Wr Oxidation reaction rate, mol/(m3s)

Wv Vaporization/condensation rate, mol/(m3s)

x, t Spatial coordinate, m, and time, s

Yo, Yh, Yr Molar fractions: hydrocarbons (h), oxygen (o)
and remaining components (r), mol/mol

Y
inj
o Oxygen fraction in injected gas

ϕ Porosity
λ Thermal conductivity of porous medium,

W/(mK)

μi Viscosity of phase i, Pas

νl, νg stoichiometric coefficients in the oxidation
reaction

ρi Molar density of phase i, mol/m3
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