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Fluid flow at large Re  
is chaotic:

Lorenz system

SRB measure

butterfly effect

Limit of large Re → ∞

Dimension of attractor  
Lyapunov exponents  

strange attractor

→ ∞

Smallest  
temporal scale → 0 

Ruelle (1979)

Questions we address:

Is there a limiting solution?

more than chaos!

vs.

In which sense? Is it universal?

(small parameter 1/Re → 0)



2D Kelvin-Helmholtz instability: limit

vortex sheet = discontinuity

• (4th order) hyper-viscous flow

• random initial perturbation (small noise) 
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accessible for accurate numerical simulations.
We consider initial conditions for the vortex sheet with

infinitesimal small-scale perturbations in the form

t = 0 : !"(x, y) = [1 + "W (x)] U�(y), (1)

where " is a small perturbation parameter and W (x) is a
random profile. Such perturbation can be viewed as the
e↵ect of small noise induced, e.g., by microscopic fluc-
tuations [11]. In our analysis, W (x) is generated by a
centered uniform stochastic process with spatial correla-
tions hW (x)W (x0)i = �(x � x0)/3.

Hyperviscous vs. Birkho↵-Rott regularization.

Since initial condition (1) for the incompressible Euler
equations leads to the ill-posed problem [35], regularized
equations must be used to evolve the flow. We focus on
two fundamentally distinct types of regularization: (a)
the physically motivated viscous regularization, which is
controlled by the viscosity parameter ⌫ > 0 and (b) the
theoretically motivated point-vortex approximation with
an accuracy controlled by the total number of point vor-
tices Nb. One can introduce the e↵ective regularization
parameter as ⌫ / N�1

b for the point-vortex regulariza-
tion. In both cases, we are interested in the limit of
small ⌫.

In this work we argue that, for vanishingly small values
of viscosity and noise, the KH instability develops into a
universal and spontaneously stochastic flow. By univer-
sality, we mean that the properties of the flow are inde-
pendent of the type of regularization, except at very small
scales and times. Spontaneous stochasticity signifies that
such a universal flow is intrinsically random. The math-
ematical formulation of this phenomenon corresponds to
the existence of a limit for simultaneously vanishing vis-
cosity and noise, ⌫ ! 0 and " ! 0, where the limiting
flow is a non-trivial stochastic process. Formally, one
expects that this limiting flow solves the incompressible
Euler equations (in a weak sense) for the initial condi-
tion the ideal vortex sheet, ! = U�(y). Physically, this
implies that infinitesimal e↵ects of viscous regularization
and noise do not select a unique deterministic KH flow,
but rather a well-defined statistical solution, with univer-
sal non-stationary properties.

Figure 1 shows a typical vorticity distribution for nu-
merical simulations with the two regularization methods.
Panel (a) with the zoom in (c) correspond to simulations
of the Navier–Stokes equations in a two-dimensional pe-
riodic domain (x, y) 2 [0, L]2 with L = 2⇡. The initial
conditions of type (1) are implemented along two par-
allel lines: y = 0 with U and y = L/2 with �U , so
that the total vorticity is zero. Simulations are stopped
at su�ciently small times to avoid interaction between
the layers and nonlocal e↵ects of a finite domain. Then,
two resulting vortex layers are analyzed separately in
the respective domains. hyperviscous damping opera-
tor �⌫k2(k/kmax)6 (in Fourier representation) with the
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FIG. 1. Snapshots of the vorticity fields at t ' 0.16 for
(a) the hypervicsous Navier-Stokes dynamics at ⌫ = 3⇥ 10�3

and (b) Birkho↵-Rott dynamics using 217 = 131, 072 point
vortices. Panels (c) and (d) zoom in the structures indicated
by the rectangular boxes.

regularization wavenumber kmax is used; this is a com-
mon tool to localize viscous e↵ects at small scales. Panel
(b) with the zoom in (d) correspond to simulations of
the Birkho↵-Rott dynamics using Nb point vortices, con-
sidering numerical (round-o↵) noise as a perturbation.
Here, the initial condition (1) is approximated by point-
vortices located on the line y = 0 at positions xi = iL/Nb,
i = 1, . . . , Nb, and carrying the vorticity UL

Nb
�(x�xi)�(y).

In this case, the domain is periodic in the x-direction and
unlimited in the y-direction.

Our hyperviscous simulations were performed using a
pseudo-spectral scheme with standard 2/3 dealiasing on
spatial grids with N2

a points, and second-order Runge–
Kutta scheme in time [36, 37]. We performed nine simu-
lations for each of the three parameter sets from Tab. I.

These parameters follow the rule kmax / Na, ⌫ / N�3/2
a

and " / N�1
a , so that ⌫ ! 0 and " ! 0 simultaneously

with the increasing resolution Na. This scaling is cho-
sen such that both the energy and the enstrophy of the
initial perturbation (1) vanish as Na ! 1, relative to
their ground-state values. The initial conditions there-
fore converge to the straight (unperturbed) vortex sheet.
To avoid spurious Gibbs oscillations of rough initial con-
ditions, large-wavenumber modes were di↵used by hyper-

vicsosity during a short initialization time td / N�1/2
a ,

vanishing with increasing resolution. In the point-vortex
case, we performed simulations with Nb = 215, 216 and
217 vortices using the Runge–Kutta scheme with an adap-
tive time step.

Vortex layer. The development of the vortex layer
represents the cascade process of collisions and the sub-
sequent merging of smaller blobs into the larger ones; see
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(a) the hypervicsous Navier-Stokes dynamics at ⌫ = 3⇥ 10�3

and (b) Birkho↵-Rott dynamics using 217 = 131, 072 point
vortices. Panels (c) and (d) zoom in the structures indicated
by the rectangular boxes.

regularization wavenumber kmax is used; this is a com-
mon tool to localize viscous e↵ects at small scales. Panel
(b) with the zoom in (d) correspond to simulations of
the Birkho↵-Rott dynamics using Nb point vortices, con-
sidering numerical (round-o↵) noise as a perturbation.
Here, the initial condition (1) is approximated by point-
vortices located on the line y = 0 at positions xi = iL/Nb,
i = 1, . . . , Nb, and carrying the vorticity UL

Nb
�(x�xi)�(y).

In this case, the domain is periodic in the x-direction and
unlimited in the y-direction.

Our hyperviscous simulations were performed using a
pseudo-spectral scheme with standard 2/3 dealiasing on
spatial grids with N2

a points, and second-order Runge–
Kutta scheme in time [36, 37]. We performed nine simu-
lations for each of the three parameter sets from Tab. I.

These parameters follow the rule kmax / Na, ⌫ / N�3/2
a

and " / N�1
a , so that ⌫ ! 0 and " ! 0 simultaneously

with the increasing resolution Na. This scaling is cho-
sen such that both the energy and the enstrophy of the
initial perturbation (1) vanish as Na ! 1, relative to
their ground-state values. The initial conditions there-
fore converge to the straight (unperturbed) vortex sheet.
To avoid spurious Gibbs oscillations of rough initial con-
ditions, large-wavenumber modes were di↵used by hyper-

vicsosity during a short initialization time td / N�1/2
a ,

vanishing with increasing resolution. In the point-vortex
case, we performed simulations with Nb = 215, 216 and
217 vortices using the Runge–Kutta scheme with an adap-
tive time step.

Vortex layer. The development of the vortex layer
represents the cascade process of collisions and the sub-
sequent merging of smaller blobs into the larger ones; see

vanishing viscosity

vanishing noise

both the energy and the enstrophy  
of the initial perturbation vanish  3

Na kmax ⌫ "

512 170 1.9⇥ 10�1 2.0⇥ 10�2

2048 682 2.4⇥ 10�2 5.0⇥ 10�3

8192 2730 3.0⇥ 10�3 1.25⇥ 10�3

TABLE I. Parameters for hyperviscous runs with U = 1/
p
2.

Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡

0
d✓

⌦
!(x, y, t)!(x + r cos ✓, y + r sin ✓, t)

↵
(2)

playing the role of isotropic two-point correlation. It is
constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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2D Kelvin-Helmholtz instability: universality of the limit

hyper-viscous flow point-vortex approximationvs.

2

accessible for accurate numerical simulations.
We consider initial conditions for the vortex sheet with

infinitesimal small-scale perturbations in the form

t = 0 : !"(x, y) = [1 + "W (x)] U�(y), (1)

where " is a small perturbation parameter and W (x) is a
random profile. Such perturbation can be viewed as the
e↵ect of small noise induced, e.g., by microscopic fluc-
tuations [11]. In our analysis, W (x) is generated by a
centered uniform stochastic process with spatial correla-
tions hW (x)W (x0)i = �(x � x0)/3.

Hyperviscous vs. Birkho↵-Rott regularization.

Since initial condition (1) for the incompressible Euler
equations leads to the ill-posed problem [35], regularized
equations must be used to evolve the flow. We focus on
two fundamentally distinct types of regularization: (a)
the physically motivated viscous regularization, which is
controlled by the viscosity parameter ⌫ > 0 and (b) the
theoretically motivated point-vortex approximation with
an accuracy controlled by the total number of point vor-
tices Nb. One can introduce the e↵ective regularization
parameter as ⌫ / N�1

b for the point-vortex regulariza-
tion. In both cases, we are interested in the limit of
small ⌫.

In this work we argue that, for vanishingly small values
of viscosity and noise, the KH instability develops into a
universal and spontaneously stochastic flow. By univer-
sality, we mean that the properties of the flow are inde-
pendent of the type of regularization, except at very small
scales and times. Spontaneous stochasticity signifies that
such a universal flow is intrinsically random. The math-
ematical formulation of this phenomenon corresponds to
the existence of a limit for simultaneously vanishing vis-
cosity and noise, ⌫ ! 0 and " ! 0, where the limiting
flow is a non-trivial stochastic process. Formally, one
expects that this limiting flow solves the incompressible
Euler equations (in a weak sense) for the initial condi-
tion the ideal vortex sheet, ! = U�(y). Physically, this
implies that infinitesimal e↵ects of viscous regularization
and noise do not select a unique deterministic KH flow,
but rather a well-defined statistical solution, with univer-
sal non-stationary properties.

Figure 1 shows a typical vorticity distribution for nu-
merical simulations with the two regularization methods.
Panel (a) with the zoom in (c) correspond to simulations
of the Navier–Stokes equations in a two-dimensional pe-
riodic domain (x, y) 2 [0, L]2 with L = 2⇡. The initial
conditions of type (1) are implemented along two par-
allel lines: y = 0 with U and y = L/2 with �U , so
that the total vorticity is zero. Simulations are stopped
at su�ciently small times to avoid interaction between
the layers and nonlocal e↵ects of a finite domain. Then,
two resulting vortex layers are analyzed separately in
the respective domains. hyperviscous damping opera-
tor �⌫k2(k/kmax)6 (in Fourier representation) with the

(a)

(b)

(c) (d)

FIG. 1. Snapshots of the vorticity fields at t ' 0.16 for
(a) the hypervicsous Navier-Stokes dynamics at ⌫ = 3⇥ 10�3

and (b) Birkho↵-Rott dynamics using 217 = 131, 072 point
vortices. Panels (c) and (d) zoom in the structures indicated
by the rectangular boxes.

regularization wavenumber kmax is used; this is a com-
mon tool to localize viscous e↵ects at small scales. Panel
(b) with the zoom in (d) correspond to simulations of
the Birkho↵-Rott dynamics using Nb point vortices, con-
sidering numerical (round-o↵) noise as a perturbation.
Here, the initial condition (1) is approximated by point-
vortices located on the line y = 0 at positions xi = iL/Nb,
i = 1, . . . , Nb, and carrying the vorticity UL

Nb
�(x�xi)�(y).

In this case, the domain is periodic in the x-direction and
unlimited in the y-direction.

Our hyperviscous simulations were performed using a
pseudo-spectral scheme with standard 2/3 dealiasing on
spatial grids with N2

a points, and second-order Runge–
Kutta scheme in time [36, 37]. We performed nine simu-
lations for each of the three parameter sets from Tab. I.

These parameters follow the rule kmax / Na, ⌫ / N�3/2
a

and " / N�1
a , so that ⌫ ! 0 and " ! 0 simultaneously

with the increasing resolution Na. This scaling is cho-
sen such that both the energy and the enstrophy of the
initial perturbation (1) vanish as Na ! 1, relative to
their ground-state values. The initial conditions there-
fore converge to the straight (unperturbed) vortex sheet.
To avoid spurious Gibbs oscillations of rough initial con-
ditions, large-wavenumber modes were di↵used by hyper-

vicsosity during a short initialization time td / N�1/2
a ,

vanishing with increasing resolution. In the point-vortex
case, we performed simulations with Nb = 215, 216 and
217 vortices using the Runge–Kutta scheme with an adap-
tive time step.

Vortex layer. The development of the vortex layer
represents the cascade process of collisions and the sub-
sequent merging of smaller blobs into the larger ones; see
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(a) the hypervicsous Navier-Stokes dynamics at ⌫ = 3⇥ 10�3

and (b) Birkho↵-Rott dynamics using 217 = 131, 072 point
vortices. Panels (c) and (d) zoom in the structures indicated
by the rectangular boxes.

regularization wavenumber kmax is used; this is a com-
mon tool to localize viscous e↵ects at small scales. Panel
(b) with the zoom in (d) correspond to simulations of
the Birkho↵-Rott dynamics using Nb point vortices, con-
sidering numerical (round-o↵) noise as a perturbation.
Here, the initial condition (1) is approximated by point-
vortices located on the line y = 0 at positions xi = iL/Nb,
i = 1, . . . , Nb, and carrying the vorticity UL

Nb
�(x�xi)�(y).

In this case, the domain is periodic in the x-direction and
unlimited in the y-direction.

Our hyperviscous simulations were performed using a
pseudo-spectral scheme with standard 2/3 dealiasing on
spatial grids with N2

a points, and second-order Runge–
Kutta scheme in time [36, 37]. We performed nine simu-
lations for each of the three parameter sets from Tab. I.

These parameters follow the rule kmax / Na, ⌫ / N�3/2
a

and " / N�1
a , so that ⌫ ! 0 and " ! 0 simultaneously

with the increasing resolution Na. This scaling is cho-
sen such that both the energy and the enstrophy of the
initial perturbation (1) vanish as Na ! 1, relative to
their ground-state values. The initial conditions there-
fore converge to the straight (unperturbed) vortex sheet.
To avoid spurious Gibbs oscillations of rough initial con-
ditions, large-wavenumber modes were di↵used by hyper-

vicsosity during a short initialization time td / N�1/2
a ,

vanishing with increasing resolution. In the point-vortex
case, we performed simulations with Nb = 215, 216 and
217 vortices using the Runge–Kutta scheme with an adap-
tive time step.

Vortex layer. The development of the vortex layer
represents the cascade process of collisions and the sub-
sequent merging of smaller blobs into the larger ones; see
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Numerical results: I
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Na kmax ⌫ "

512 170 1.9⇥ 10�1 2.0⇥ 10�2

2048 682 2.4⇥ 10�2 5.0⇥ 10�3

8192 2730 3.0⇥ 10�3 1.25⇥ 10�3

TABLE I. Parameters for hyperviscous runs with U = 1/
p
2.

Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡

0
d✓

⌦
!(x, y, t)!(x + r cos ✓, y + r sin ✓, t)

↵
(2)

playing the role of isotropic two-point correlation. It is
constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r
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dxdy
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constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡
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⌦
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FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡

0
d✓

⌦
!(x, y, t)!(x + r cos ✓, y + r sin ✓, t)
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playing the role of isotropic two-point correlation. It is
constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡

0
d✓

⌦
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constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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Fig. 1, where vorticity is shown by color in log-scale. In
the collision process, a part of the vorticity is scattered
away, and it may be absorbed by the same or other blobs
at later times. As a result, the integral vorticity is divided
into two approximately equal parts corresponding to the
blobs and to the background flow, while the enstrophy is
mostly carried by the blobs.

We now verify numerically that the vortex layer can be
qualified as being universal and spontaneously stochastic,
i.e., that the increase of numerical resolution along with
decreasing viscosity and noise yield a unique stochas-
tic solution at times t > 0. We start by analyz-
ing the evolution of the vorticity profile p1(y, t) =⌦R

|!|dx
� RR

|!|dxdy
↵
, which is obtained as the normal-

ized average with respect to the x-direction; the brack-
ets denote the additional average with respect to di↵er-
ent realizations of noise in the initial conditions. The
width of the vortex layer is then conveniently defined

as `(t) =
�R

y2p1(y, t)dy
�1/2

. The same formulas can be
used for point-vortex simulations: There the integrals are
replaced by sums over respective point-vortices.

Numerical results are shown in Fig. 2 in log-log scale.
In all figures, we display the results in dimensionless form
using L and L/U as respective length and time units.
One can see that the width of the vortex layer verifies
an asymptotic linear scaling law, i.e ` = ↵Ut where ↵
is a dimensionless coe�cient. The vortex layer is formed
after a short transient time, and this transient time de-
creases as we decrease the regularization parameter and
noise. The subsequent evolution yields the universal di-
mensionless pre-factor ↵ ⇡ 0.029 for both hyperviscous
and point-vortex regularizations; see the inset in Fig. 1.

Numerical vorticity profiles p1(y, t) are shown in Fig. 3.
The upper figure (a) verifies the dimensional self-similar
relation `(t)p1(y, t) ⇡ P1(⌘), where P1(⌘) with ⌘ = y/`(t)
is the asymptotic shape. The lower panel (b) confirms
the universality of the profile: It has the same shape
independently of the choice of regularization.

Statistical universality. Now we study statistical
properties of the flow at di↵erent scales. For this purpose,
we introduce the function

p2(r, t) =
r

LU2

Z
dxdy

Z 2⇡

0
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⌦
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playing the role of isotropic two-point correlation. It is
constructed as the covariance of the vorticity field at the

FIG. 2. Time evolution for the width `(t) of the vortex layer,
for both the hyperviscous (blue) and Birkho↵-Rott (red) reg-
ularizations.

distance r > 0, which is then integrated with respect to y
across the vortex layer and averaged with respect to the
horizontal coordinate x and direction angle ✓. The result-
ing function is also averaged over di↵erent realizations of
the initial noise. The function p2(r, t) is strongly domi-
nated by the relative positions of concentrated blobs of
vorticity (see Fig. 1), for which the product of vorticities
in (2) attains the maximum.

Results of numerical simulations are shown in Fig. 4,
where the panel (a) verifies the dimensional self-similar
relation p2(r, t) = P2(⇢) with the assymptotic function
P2(⇢) and ⇢ = r/`(t). The panel (b) demonstrates that
the function P2 is universal in the limit of vanishing regu-
larization and noice. One can see from Fig. 4(b) that the
profiles for di↵erent regularizations are distinct at small
scales, which reflects di↵erent small-scale structures visi-
ble in Fig. 1(c,d). However, with the decreasing e↵ect of
regularization and noice, all profiles collapse to the sin-
gle universal function. This function has the pronounced
maximum around r = 1.4 `(t) characterizing a typical
distance between the nearest vortex blobs in Fig. 1. For
very large distances r � `(t), the function converges to
the limiting value P2 ! 2. This value can be computed
by substituting the vortex sheet expression ! = U�(y)
into (2), which approximates the vortex layer at large
scales. It is remarkable that P2 also develops a constant
state at small distances r ⌧ `(t) in the limit of vanishing
regularization and noice, with the universal value esti-
mated as p2 ! 2.4; see Fig. 4. This implies that the dis-
tribution of blobs at smal distances (but still much larger
than the regularization scale) is uniform. This property
can be associated with the reconnection process of vortex
blobs, which are constantly attracted to each other and
merge to larger blobs.

Spontaneous stochasticity. Finally, we analyze the
intrinsic randomness of the shear-layer dynamics: We
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We observed: 

• Existence of the ideal limit for 2D Kelvin-Helmholtz instability: 
vanishing viscosity and noise 

• Universality of the limit: independence of regularization          
(hyper-viscous vs. point-vortex) 

• Spontaneously stochastic physical limiting solution:  
 deterministic at  t = 0  but   stochastic at  t > 0 
 vs. unphysical stationary vortex sheet solution. 

Conclusions
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