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Abstract—Characteristic polynomials with real coefficients that smoothly depend on a vector of real parame-
tersare considered. A constructive approach is proposed that allows one to determine, in afirst approximation,
the stability domain or a domain with a bounded decrement in the neighborhood of a singular or regular point
of itsboundary from the information available at this point (the roots and coefficients of the polynomial aswell
asthefirst derivatives of the coefficients with respect to parameters). Examples are presented.

INTRODUCTION

The study of stability problems for many mechani-
cal and control systemsisreduced to the analysis of the
roots of the appropriate characteristic equation.
Asymptotic stability is achieved when all roots of the
characteristic polynomial lie in the left complex half-
plane. The polynomials possessing this property are
said to be stable. The properties of stable polynomials
have been intensively studied in view of their high prac-
tical importance. There exist a number of methods for
determining the stability, such as the classical Routh—
Hurwitz method and a method of D-decompositions
[1-3]. These methods allow one to determine either the
stability of a specific polynomial or, if the coefficients
of the polynomia are known functions of parameters,
the stability domain (the set of values of the parameters
for which the polynomial is stable).

Nevertheless, one meets considerable computa
tiona difficulties when constructing the stability
domains of complex multiparameter systems because
of ahigh order of polynomials and large computational
cost for the determination of the coefficients and roots
of the polynomial with many values of the parameters.
One meets difficulties of adifferent type when multiple
roots arise, which lead to the nondifferentiability of the
roots of the polynomial with respect to the parameters
and giveriseto singularities (points of nonsmoothness)
on the boundary of the stability domain [4]. Therefore,
it seemstopical to develop further qualitative and quan-
titative methods for investigating the stability domains
of the families of polynomials that depend on many
parameters.

Qualitative aspects of the structure of a stability
domain and its boundary in the space of all polynomials
with the leading coefficient equal to unity were studied
in [5, 6]. In these papers, the singularities of stability-
domain boundaries that appear in the case of general
position were classified and the tangent cones (linear
approximations) to the stability domain at singular

points on its boundary were described up to a nonde-
generate change of parameters.

In the present paper, we develop a constructive
method for determining an approximation of the stabil-
ity domain in the neighborhood of a point on this
boundary in the space R" of parameters based on infor-
mation available at this point (using the values of the
roots, the coefficients, and the first-order derivatives of
the coefficients of the polynomial with respect to the
parameters). We consider the points of the stability-
domain boundaries of arbitrary type (characterized by
roots of arbitrary multiplicity). It is assumed that the
leading coefficients of the polynomial may vanish.
Then, we extend the results obtained to the case when
a domain with a bounded decrement (degree of stabil-
ity) is considered instead of the domain of stability. The
efficiency of the proposed method is demonstrated by
two examples from automatic control theory.

The results obtained are the development of works
[7, 8], where the case of two- and three-parameter fam-
ilies of polynomials of general position were studied.

1. STABILITY DOMAIN OF POLYNOMIAL
FAMILIES

Consider a polynomial of degree M,

PO\, p) = ay(p)A" + ... +a;(p)A +a5(p), (1.1)

with real coefficients that smoothly depend on the vec-
torp=(py, ..., Py Of real parameters (afamily of poly-
nomials). Suppose that, for p = p,, the polynomial
Py(A) = P(A, py) hasthe form

Po(A) = @A™+ ... +aA+a), msM, (1.2

where & =a(py),j=0,....M; ay 20;and a1 =... =

ay =0. The case m < M is singular, since the leading
coefficients of the polynomia vanish. Denoteby A, ..., A,
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the distinct roots of polynomia (1.2) andby m,, ..., m,,
their multiplicities. When m< M, we assume that Py(A)
has an infinite root A, = c of multiplicity my=M —m.

The polynomial P(A, p) iscalled stableif al itsroots
have negative real parts. The set of values of the vector
p of parametersfor which P(A, p) isstableis called the
stability domain.

Theorem 1. The family of polynomias P(A, p) in
the neighborhood of the point p = p, can be represented
as

P(A,p) = a(p)P’(\, p)P*(A, p)...P“(\, p), (1.3)

where
PO\ P) = BoMo)A ™+ .. + B _1(A)A + 1,

P'OL D) = A =A)" + B a(M) (1.4)

Xx(N=A)" T L+ BN, ] = Lk

The coefficients 3(A;) are smooth (and complex-valued
for A; O C) functions of vector p such that 3,(A;) = 0 for
p = po, and a(p) is a smooth nonvanishing function. If

A= Aj, then Pi(A, p) = P!(A, p) , wherethe bar denotes
complex conjugation.

Proof. Introduce M x M matrices A(p) and B(p):

O o 1 o O
1 :
A(p) = ’ O
0 0 0 1 0
O-ap(p) —ay(p) -.- —au_1(p) U

di1...0 o O
B(p) = D: . : 0
DO" 1 O 0
o ... 0ay(p)d

It can be readily shown that P(A, p) = (-1)Mdet(A(p) —
AB(p)). In[9], it was shown that there exists atransfor-

mation A(p) — AB(p) = R(P)(A'(p) — AB'(p)Q~'(p),
where R(p) and Q(p) are nonsingular complex M x M

matrices smoothly depending on p in the neighborhood
of p = p,, such that the matrix A'(p) — AB'(p) has a

block-diagonal form A'(p) — AB'(p) = Diag[A,(p) —
ABo(P), ..., Ax(p) — ABy(p)]. The m x m blocks
Aj(p) — ABj(p) correspond to the roots A; i.e,
det(A; (p) —ABj(Po) = A =A)"™.j=1, ..., k and
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det(Aq (pPo) — A By (py)) = 1. Denoting
P°(A, p) = det(Aq(p) —ABo(p))/detAg(p),
P'(A, p) = (-1)"det(A{(p) —\Bj(p))/detB(p),
i=1 ..k
a(p) = (-1)"detR(p)det Ay(p)detB;(p)...

det B, (p)/det Q(p),

we obtain
P(\,p) = (-1)"det(A(p) -AB(p))
= (-1)"'det(R(p)(A'(p) -AB'(p))Q ' (p))
= (-1)"detR(p)det(A(p)
—ABy(p))...det(Ay(p) —ABi(p))detQ'(p)

= a(p)P°(\, p)...PX(\, p).

The polynomias Pi(A, p), j = 0, ..., k, satisfy the
hypotheses of the theorem. The equation P'(A, p) =

P'(X, p) for A; = A; follows from the properties of the

blocks A; (p) = A;(p) and B; (p) = B;(p) [9]. Thethe-
orem is proved.

When the coefficients of the polynomial analyti-
cally depend on the parameters, Theorem 1 follows
from the Weierstrass preparation theorem [10, 11].

Corollary 1. Suppose that m= M and the real parts
of al roots of the polynomial Py(A\) are negative
(ReA;<0,j=1,...,k). Then, the polynomial P(A, p) is
stable in a neighborhood of the point p = p,.

Corollary 2. Suppose that the real part of a certain
root of the polynomial Py(A) is positive (ReA; > 0).
Then, the polynomia P(A, p) isunstablein a neighbor-
hood of the point p = p,,.

Corallaries 1 and 2 distinguish the interior points of
stability and instability domains of P(A, p). Thus, the
presence of infinite, zero, and pure imaginary roots of
the polynomial P,(A) isof interest for thelocal analysis
of stability, provided that the remaining roots have neg-
ative real parts. In this case, the point p = p, belongsto
the stability-domain boundary.
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2. TANGENT CONES TO THE STABILITY
DOMAIN

Denote by by(A), ] =1, ..., M, the coefficients of the
polynomial P(A + A;, p) that smoothly depend onp; i.e.,
POV +A;p) = bu(A)A" + .. +1g(A)

" (2.1)
= ay(A+A)" + . ra(A+A)) +a,.

Differentiating (2.1) | times with respect to A and
setting A = 0, we obtain

M-I
M—-I-t

1 |
bi(A;) = r,‘zil) =Y Cu_dw-A]'
ONfa=y S0 (2.2)
| _ k!
G = (k="
For the infinite root A, = o, define
b(Ag)) = ay_,, 1 =0,...,M. (2.3)

When A, O R, we have bi(A)) O R for all 1. Since A,
isaroot of the polynomial Py(A)of multiplicity m, then

boAD =... = bmi—l()\j) =0and bmj (A\) #0for p = py.
Introduce the differential operator
n=09 .90
[Dp, 0 pd

where the derivatives are taken for p = p,, and denote
by (a, b) = a,b, + ... + ab, the scalar product in R"
(when a 0 C, we set (a, b) = (Rea, b) + i(Ima, b)).
With regard to (2.2) and (2.3), the expression for
Oby(A) isrepresented as
M-I
Oby(A)) = ZC',\,'_tA?""‘tDaM_t, j#0;
t=0
Oby(A) = Oay_,.
Define the n-dimensional real vectors fi(A;) and
gi(A)) corresponding to the roots A; as

fi(A)+ig(A) = Ob(A), | =0,...,m=3,
fm—2(A)) 1 Gm —2(\) = Oby _o(A))/b5, (A)), 0
fm-1(A}) = Re[(by () Oby, _1(A)

(2.4)

by +1(A)) Obyy (M) (05 (A))°T,
where b,0 (A isthevalue of b(A)) for p=p, andi isthe
imaginary unit. Note that f,(A) = fi(A) and g(A) =
~giA) for A= A,

As we noted above, the values of the vector of
parameters p = p, for which the polynomial p,(A) has
infinite, zero, and (or) pureimaginary roots are of inter-
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est, provided that the real parts of other roots are nega-
tive. Let usenumerate therootsA; sothat A, ..., A,sare
distinct nonzero pureimaginary roots and, additionally,

therootsA;, = Ag, m,s=m,j=1,...,s arefollowed
by the zeroroot A, | = 0 if it exists. For the remaining
roots, we have ReA; < 0,j =2s+2, ..., k.

Let acurve p = p(g), € = 0, emanate from the point
p(0) = p, in the direction of e = dp/deg, _,. The set of
direction vectors e of the curves p = p(¢) that liein the
stability domain for € > 0 is called atangent coneto the
stability domain at the point p, [5]. The tangent coneis
the first-order approximation to the stability domain in
the neighborhood of the point considered. Thus, the
local analysis of the stability domain reduces to the
determination of the stability conditionsfor the polyno-
mial P(A, p) aong the above curve.

Theorem 2. In order that the curve p = p(€), p(0) =
p,, with the direction e = dp/de|, _, lies in the stability
domain for € > 0, it is necessary that

(fi(A)).e) = (9(rj).,e) =0, 1 =0,...,m -3,
(fmj-z(AJ)ae)zo,
(gmj—Z()\j)!e) = 0, (fmj_l()\j),E)ZO

for infinite, zero, and pure imaginary roots A, j = 0, 1,
..y S, 28+ 1.

Theorem 3. If the system of vectors

(2.6)

VoOVD O IV, Vaerq, (2.7)
where
Vi = {fi(A), g(A); 1=0,...,m -1,
t=0, ...,mj—2}, j =1, ..5, (2.8)
V., = {fi(A);1=0,....m =1, r =0,2s+1,

islinearly independent, then the tangent cone to the sta-
bility domain at the point p = p, consists of vectors e
satisfying conditions (2.6) for infinite, zero, and pure
imaginary roots)\j,j =0,1,...,52s+ 1.

Theorem 4. Theorems 2 and 3 remain valid under
the replacement of the stability condition ReA < 0 by
the condition ReA < -9, for all roots A; the latter con-
dition implies the boundedness of the decrement (the
degree of stability). Inthiscase, theroots A, =0, ..., k,
of the polynomial Py(A) must be enumerated so that

Ao=0; Reh = =8y, ImA 20,1=1,...,25(\,,s= A,,
r=1,...,9; Mg, =—0and ReA; < —§,, t=2s+2, ...,k
When the coefficient in (2.6) falls outside the

domain of definition, the corresponding quantity is
assumed to be zero (for example, when m = 1, we set

fmj—Z()\j) =f,(A) =0). When j =0, 2s + 1, we have
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Fig. 1. Example of the stability domain in the degenerate
case.
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Fig. 2. Stability domain in the neighborhood of the point
with athreefold zero root (“break of edge”).

b(A) O R, and, hence, conditions (2.6) involving the
vectors gi(A;) are fulfilled automatically.

Theorems 2 and 3 allow one to determine, in afirst
approximation, the stability domain in the neighbor-
hood of the point p = p, from the information available
at this point (the first derivatives of the coefficients of
the polynomia P(A, p), the parameters calculated for
p = p,, aswell as the values of the coefficients and the
roots of the polynomial Py(A)). Theorem 4 provides
similar information concerning the domain in which
the decrement & = —ReA is greater than a given
value ;.

Remark 1. In Theorem 3, the condition of linear
independence of vectors is essential. For example, the
necessary conditions of Theorem 2 for the family of
polynomias P(A, p) = A> + (P, — PPA + pips, P = (i,
p,), in a neighborhood of the point p, = 0 are rewritten
as (fo(Ay), © =0, (f,(A), € =0, whereA, =0, m; =2,
and the vectors fy(A,) = (0, 0) and f,(A)) = (-1, 1) are
linearly dependent. These conditions single out the
half-plane p, — p, = 0 on the plane of parameters; in
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Fig. 1, this half-plane is hatched by horizonta lines.
However, the stability domain of P(A, p) is given by
P, —p; >0, p;p, > 0 (hatched by vertical linesin Fig. 1).
The tangent cone to the stability domain at the point
p, = 0 is determined by the inequalities {e = (g, &,):
e-620,e20}0{ee,—e 20,6 <0}.

Remark 2. In order to satisfy the condition of linear
independence in Theorem 3, it is necessary that the
number of parameters n be no less than the number of
vectorsin (2.7), N=my + 2(m; + ... + M) + My, ; —S.
In the case of general position, when considering arbi-
trary n-parameter families of polynomials P(A, p), the
appearance, for a certain value of the vector of param-
eters p = p,, of the polynomial Py(A) = P(A, p) of a
given type (the typeis determined by the multiplicities
of the roots Ay, Ay, ..., As, Asg, 1) IS possible only for
n= N[5, 6]. Hence, when considering polynomial fam-
ilies of the genera form, the condition of linear inde-
pendence of the system of vectorsin Theorem 3isful-
filled in the case of general position.

Remark 3. The problem of limit stability, i.e., the
stability of the polynomia P(A, €) = Py(A) + eP,(A) for
small values of the parameter € > 0, is closeto the prob-
lem of local analysis of the stability domain. The limit
stability can be achieved only in the case when the mul-
tiplicities of the roots of Py(A) lying on the imaginary
axis are no greater than two [12, 13]. The situation is
different in the multiparameter case: a polynomial
Po(A) with imaginary roots of arbitrary multiplicity
may correspond to a point on the boundary of the sta-
bility domain. In this case, if there exists a zero or infi-
nite root of multiplicity greater than two or an imagi-
nary nonzero root with multiplicity greater than unity,
the stability domain approaches the point p = p, in a
narrow tongue; i.e., atangent coneis degenerate (there
is an equality among conditions (2.6)). For example,
the stability domain of the polynomia P(A, p) = A° —
P:A2—p,A —p, isgivenby p; + pp;>0,p,<0,j=1,2,3
(Fig. 2), while its boundary at the point p, = 0 corre-
sponding to a three-fold zero root has a singularity of
the “break-of-edge” type[4, §].

Thus, the presence of several parameters results in
new effects. This is associated with the fact that the
analysis of the cases of genera position is the most
informative and important [4]. Therefore, when there
are multiple roots, one should carry out the stability
analysisin the space of parameters of sufficiently large
dimension.

3. PROOF OF THEOREMS 2—-4

Theidea of the proof consistsin the factorization of
the polynomial P(A, p) into multipliers Pi(A, p) using
Theorem 1. After that, for each multiplier, we find the
conditions of stability along the curve p = p(€); then,
we rewrite these conditionsin terms of the vectorsf,(A))
Vol. 39
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and gi(A)). These steps of the proof are supported by the
following three lemmas.

Lemma 1. Suppose that the curve p = p(€), p(0) =
p,, With the direction e lies, for € > 0, in the stability

domain of the polynomia Pi(A, p) (1.4),j O {0, 1, ...,
s,2s+ 1}. Then,

(B o(Aj).€) = ... = (B m_3(Aj).€) =0,
(Re®  _»(A;),€)20, (ImPB ,_5A;),e) =0,3.1)
(RelB mj—l(}\j)’ e)=0.

Proof. By the substitution it = A — A; (when j =0, by
the substitution pt = 1/A and multiplication by p"™), we
reduce the polynomial Pi(A, p) to the form

m; m -1
O+ B AT+ o+ Bo(A)). (3.2)

Whenj O {0, 1, ..., s, 2s+ 1}, the stability of poly-
nomia (3.2) is equivalent to the stability of Pi(A, p).
Then, conditions (3.1) follow from the expression for
the tangent cone to the stability domain of polynomial
(3.2) that was obtained in [14]. The lemmalis proved.

Lemma 2. Let the system of vectors
VoOVD O Vg Vo, (3.3)
where
V; = {Rel® ,(\,), ImB (A,);! =0,...,m~-1,

t=0,...m-2}, j=1..,5s, (3.9

V, = {Re® ;(A,);1=0,....m-1}, r =0,25+1,
be linearly independent. Then, for any vector ethat sat-
isfies conditions (3.1) for j =0, 1, ..., s 2s+ 1, there
existsacurve p = p(g), p(0) = p,, dp/de = e, such that
the polynomials P°(A, p(€)), P'(A, p(E)), ..., PSA, p(g)),
P+ 1(A, p(e)) are stable for € > 0.

Proof. Consider the polynomials

PO = (142 (L + (00 + pAA
+ (b + WA,
P = ()N\ + pz)mJ_Z
x (3\2+~(iaj +blp+ P2 +blu + ), 5s)
A=A-A, j=1..5
P2 = (A +p?)"
x (A + (b5 T+ 2N + b3 T+ ).

Polynomials (3.5) are stable for arbitrary red a, b, >0,
b, =0, and > 0. Let usfix thevariables b} =0, b}, >0,
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t=0,1,...,s 2s+ 1, and compare the expressions for
polynomials (3.5) and (1.4). We obtain a system of m' =
m, + 2(m; + ... + My + My, , equations for the coeffi-
cients of polynomialsinp,a=(a, ..., &), and p:

Bii(p, a, 1) = Re(B(A\)(p)—B;i(a 1)) =0,
j=01,..,52s+1, | =0,..,m-1;
Bri(p, a, 1) = Im(B(A,)(p) —B(a 1)) = 0,

r=1,..,s,

(3.6)

t=0,...,m-1.

Inview of (1.4), (3.5), and (3.6), the differentials of
the functions Bj; and B, a the point p = py, a=0, 1 =0
are expressed as

dBj, = (Rel® (1)), dp)

—(5(mj—1)|bj1+5(mj—2)|bjz)dll =0, (3.7

dBf = (ImB (A,), dp) — &, _1da, = O,

where 9, is the Kronecker delta. Using the linear inde-
pendence of vectors (3.3) and a specific form of the
terms containing da; in (3.7), we can show that the
Jacobian matrix of system (3.6) has the maximum rank
m' at the point p = p,, a= 0, 4 = 0. Hence, equations
(3.6) in aneighborhood of the point p = py, a=0,u=0
determine a smooth surface (of codimension r) whose
tangent plane is given by equations (3.7).

Consider an arbitrary tangent vector of the form
dp = ede, da = dde, du = de that satisfies (3.7) and a
curve p = p(€), a=a(€), 4 = U(e) in the space (p, a, 1)
that is emanated in the direction of the above vector
along the surface (3.6). By the construction, the curve
p = p(¢) liesin the stability domain of the polynomials
PI(A, p) (3.5) for 0> &> €', where (0, €') isasegment of
positiveness of the function p = p(e). Note that, if we
make the substitutions dp = ede, da = ddg, and du = de

and take into account the arbitrariness of d, b"l >0, and

b£ =0, we obtain that equations (3.7) are equivalent to
conditions (3.1). Thus, we constructed the curve p =
p(g), € > 0, that liesin the stability domain of the poly-
nomials Pi(\, p) and has an arbitrary direction e that
satisfies conditions (3.1) forj=0, 1, ...,s,2s+ 1. The
lemmais proved.

Lemma3.Let P(A, p) = QA, p)RA, p), where Q(A, p)
and R(A, p) are polynomiasof degreeqandr (M=q+r)
with complex coefficients that smoothly depend on p:

QA p) = A=A+ ... +cy,
RAP) = d(A=A) +...+d, |#0.

Forj =0, weset Q(A, p) = A9+ ... + Cg, and R(A, p) =
doA" + ... +d.. Let dy(py) # 0 and Q(A, p,) has aroot A
Vol. 39
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of multiplicity m (cy(Pp) = ... = Cp_1(Pp) = 0,
Crm, (Po) % 0). Then, the system of vectors'V; (2.8) calcu-

lated for P(A, p) isanonsingular linear combination of
analogous vectors caculated for the polynomial
Q(A, p) (after substitution of ¢ for b(A)) in (2.5)). In
this case, conditions (2.6) written for P(A, p) and
Q(\, p) are equivalent.

Proof. Multiplying Q(A, p) and R(A, p) term by term
and taking into account (2.1), we obtain the following
relations from the equation P(A, p) = Q(A, p) R(A, p):

|
bi(A)) = Z di
=0

| (3.8)

Oby(A) = 3 (4 Oe +¢'0d, ),
t=0
where d? = d(p,) and ¢ = c(p,). By the hypothesis,

Co =...= Cp_; =0. Hence,

b, (A)) = cm o,

bry +1(A)) = Cny w1+ Ciy i, (3.9)

|
Ob(A) = S dOc, 1=0..,m-1
2,

Substituting (3.9) into the expressions for the vectors

f|(7\j)+ig|(7\j) = Dbl()\j) = zd?—tDCt

t=0

|
= Ed?_t(f;(xj)ﬂg;(xj)), | =0,..,m-3,
t=0

fry2(0)) +1 G _o(A}) = Obpy o(A;)/bS, (M)
m,-3

Ocw-2+ Y (d%,_z_t/dS)Dct}/c&,.

= £ 2(A) *i G o(A))
m-3g0 (3.10)
+Z '8?” (Fi(A) +i (M),
fm-1(A)) = o = fa(A)
m;-3

+ Re{ Z o (Fr(A) +i g;()\j))i|1
t=0
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— 0 4040
ap = [ijdodmj—l—t

—(chy do+ e dD)dn, 5 J/(ch d0)’,

where f; (A and g; () denote the vectors (2.5) calcu-
lated for the polynomial Q(A, p).

The assertions of the lemma immediately follow
from (3.10) in view of the relations cp, # 0 and dg # 0.
The lemmais proved.

Now, we pass to the proof of Theorems 2—4. By
Theorem 1, we represent the polynomial P(A, p) as a
product of the nonzero coefficient a(p) and the polyno-
mials Pi(A, p) corresponding to the rootsA;,j=0, ...,k
The stability of P(A, p) is equivalent to the stability of
al multipliers Pi(A, p). Since the roots of the polynomi-
als are continuous functions of parameters, the multi-
pliers Pi(A, p) corresponding to the roots with negative
real parts A, j =2s+ 2, ..., k, are stable in a neighbor-
hood of the point p = p,. The stability of the polynomial
Pi+S(\, p) isequivalent to the stability of Pi(A, p), j =1,

..., S, since PI*s\, p) = P'(A\,p) by Theorem 1.
Hence, the stability of P(A, p) is determined by the
simultaneous stability of the polynomials Pi(A, p),j =0,
1,...,52s+ 1.

By Lemma 3, conditions (2.6) written for P(A, p)
and Q\, p) = P\, p),j O {0, 1, ...,s 2s+ 1}, are

equivalent. Taking into account By (A) = 1 and

Br, +1 (Aj) =0, we can rewriterelations (2.6) for P\, p)

in the form (3.1). By Lemma 1, conditions (3.1) are
necessary for the stability of Pi(A, p) along the curve
p = p(€), € > 0. Theorem 2 is proved.

By Lemma 3, the system of vectors V; (2.8) calcu-

lated for P(A, p) is obtained as a result of nonsingular
linear combination of analogous vectors calculated for

Q(\, p) = PI(A, p), which constitute the system V| (3.4)

with regardto By, (Aj) = 1 and By, . 1 (\) = 0. Hence, the
linear independence of vectors (2.7) implies the linear
independence of vectors (3.3). Taking into account the
equivalence between relations (2.6) and (3.1) and using
Lemma 2, we obtain that, under the hypotheses of The-
orem 3, for any direction e satisfying the necessary con-
ditions of stability (2.6), there exists a curve p = p(g),
p(0) = p,, dp/de = e that liesin the stability domain for
€ > 0. Theorem 3 is proved.

The condition ReA < —§, for the decrement for
P(A, p) is equivalent to the stability condition of the
polynomial P(A — d,, p). Inthis case, the roots of P(A —
&, p) areequa to A; =A; + & and ReAj = Re\; + & =0
forj=1, ...,2s+ 1. Hence, Theorems 2 and 3 can be
applied to the analysis of a domain with bounded dec-
rement, provided that P(A, p) isreplaced by P'(A, p) =
2000
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P(A — &, p) and A;, by A;. It remains to be noted that,
in this case, the quantities by(A) (2.1)2.3) are defined

as the coefficients of the polynomial P'(A + A}, p) =
P\ + A} =8, p) = P\ + Aj, p). Theorem 4 is proved.

4. EXAMPLES

Let usillustrate the efficiency of the obtained results
by several examples from automatic control theory.
Consider a closed-loop system consisting of an inte-
grating, oscillatory, and two aperiodic elements con-
nected as shown in Fig. 3. The characteristic equation
of such asystem isgiven by [3]

A(TAZ + T A + 1)(T,\ + 1)(TA + 1) + Kk;k, = 0.

Under the assumption that the parameters of the
aperiodic elements are prescribedandequal to T=T, =
1,k=2,k, =1, let usanalyze the stahility of the system
asafunction of thethree parameters T, T,, and k; of the
periodic element:

P(\, p) = ToA+ (2T + T)A*
+(To+ 2T, + AP+ (Ty + 2)A% + A + 2k,.

In the space of parameters p = (T,, T, k;), consider
the point p, = (0, 0, 1), which corresponds to the system
in the absence of the oscillatory element (the corre-
sponding transfer function is reduced to unity). For p =
p,, We abtain

Po(A) = A2+ 202+ A +2.

The polynomial Py(A) hasthe simpleroots A, =1, A, =
—i,and A; = -2, (M, = m, = my = 1). In addition, there
istheinfinite root A, = o of multiplicity m, = 2 (dueto
adecreasein the degree of the polynomial). The vectors
fo(Ao), T1(Ay), and fy(A,) calculated according to (2.2)—
(2.5) are asfollows:

fo(Ao) = (1,0,0), fi(Ao) = (0,1,0),
fo(A;) = (=0.2,-0.4,-0.2).

The system of vectors {f,(Ay), f;(Ay), f(A)} (2.7) islin-
early independent. Hence, by Theorem 3, the tangent
cone to the stability domain is determined by condi-
tions (2.6) written for the roots A, and A,:

K = {e (fo(\), €) 20,
(f1(Ao), €) 20, (fo(A,), €) 2 0}

Inequalities (4.1) determine, in the space of parameters
p = (T, T,, k), atrihedral angle (the intersection of
three half-spaces) (Fig. 4a), which represents an
approximation of the stability domain in a neighbor-
hood of the point p, = (0, 0, 1). For comparison, Fig. 4b
shows the boundary of the stability domain calculated

4.1)
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u 1 k k, X

P Top?+T\p+ 1 T,p+ 1
—k
Tp+1
Fig. 3. Block diagram of the automatic control system.
(b) )

>1.0
0.9
-0.8
0.7

0.1 0

0.2 )
T,

Fig. 4. (a) Approximation of the stability domain and (b) the
stability domain determined numerically.

numerically. The numerical results confirm that thereis
atrihedral angle (4.1) at the point p, = (0, 0, 1).

In many problems of automatic control, it is
required to determine the values of the parameters for
which the damping in the system exceeds a certain pre-
scribed value, i.e., ReA < -9, for all roots A. Denote by
S(0,) the set of parameters satisfying this condition.
Consider a system consisting of a single one-capaci-
tance object connected with a direct digital controller.
Thissystem isdescribed by the following characteristic
polynomia [2]:

P\, p) = (ToA + 1)(TAZ+ T+ 1) + kK.

Let us fix the parameters T, = 1, T? = 0.5, and k,; = 1
and analyze the domain (1) in the space of parameters
p = (T, ky). Consider the point p, = (3/2, 0) at which the
polynomial Py(A) = P(A, py) hastheroots A, = -1 and
A, =-2of multiplicitiesm, =2 and m, = 1, respectively.
Let us calculate the vectors fy(A,) and f,(A,) by formu-
las (2.2)«2.5):
fo(A1) = (0,2), fi(A) = (=2,-2).

The vectors fy(A,) and f,(A,) are linearly independent.
Hence, by Theorem 4, the tangent cone to the domain
(1) at the point p, = (3/2, 0) isgiven by

K = {e (fo(Ay), €) 20, (f,(A,), €020 . (4.2)
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Fig. 5. Domain 1) with bounded decrement (ReA <-1) for
the automatic control system.

Taking into account that p = p, + e£ + 0(€), we can
rewrite expression (4.2) as

[k, +0(p—pdf) 20,

O 4.3)
0 2(Tk—3/2) =2k, + o([[p —p|) 2 0.

In the case considered, the domain 1) can be
determined analytically (by applying the Routh—Hur-
witz condition to the polynomia P(A — 1, p)):

S(1) = {p = (T Kky): 0<k,<—2T;+5T,—3,

which confirms the obtained approximation (4.3)
(Fig. 5).

Note that, for determining the approximationsto the
stability domain or to the domain &) in the neighbor-
hood of the point p = p,, we needed only the informa-
tion about the system at this point (the values of the
roots, the coefficients of the polynomial, and the first-
order derivatives of this polynomia with respect to
parameters, calculated for p = p,).

CONCLUSION

In this paper, an efficient method is developed for a
local quantitative analysis of the stability domain of
multiparameter families of polynomials of arbitrary
degree. We studied the cases when the leading coeffi-
cients of the polynomial vanish and when the polyno-
mial hasimaginary roots of arbitrary multiplicity. Sim-
ilar results are obtained for the domains with abounded
degree of stability. The approximations of the stability
domain determined by the proposed method can be
used in various problems of stabilization of mechanical
and control systems, as well as in optimization prob-
lems with stability criterion.
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