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We consider a linear oscillatory system with many
degrees of freedom, whose periodic coefficients are
functions of three independent parameters. the fre-
guency and amplitude of a periodic excitation and the
parameter of dissipative forces. The last two quantities
are assumed to be small. We analyze the instability of
the trivial solution (parametric resonance). For an arbi-
trary periodic-excitation matrix and a positive-definite
matrix of the dissipative forces, we derive genera
expressions for the regions of the main and combina
tion resonances. We study two particular cases for the
periodic-excitation matrix that are often encountered in
applications. a symmetric matrix and a stationary
matrix multiplied by a scalar periodic function. It is
shown that in both cases, the resonance regions repre-
sent, to afirst approximation, conesin the three-dimen-
sional space of the parameters. The relationships
obtained allow us to analyze the influence of both the
natural frequencies and the resonance number on the
instability region. We employ the method of examining
parametric-resonance regions which is based on ana
lyzing the behavior of multipliersand usesformulasfor
the derivatives of the monodromy matrix with respect
to the parameters[1, 2]. Asan example, the problem on
the dynamical stability of the plane bending of a beam
loaded by periodic momentsis considered.

In referring to previous studies, we should mention
book [3], wherein systems close to Hamiltonian sys-
tems were studied, as well as papers [4-7], in which
systems were transformed to normal coordinates of a
conservative system (i.e., the systems for which atran-
sition matrix is required). This paper differs from the
previous studiesin the statement of the problem and in
both the method of analyzing the problem and the
results obtained.

1. We consider alinear oscillatory system with peri-
odic coefficients,

My +yDy +(C +3B(Qt))y = 0. (1

Here, M, D, and C are the symmetric positive-definite
(m x m) matrices of mass, damping, and potential
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forces, respectively; B(T) is a piecewise continuous
21-periodic matrix of a parametric excitation; y =
Yy, ..., Yo' is the vector of the generalized coordi-
nates, and the point stands for the derivative with
respect to time.

We now analyze the stability of the trivial solution
y = 0 to system (1) as a function of the vector of three
parameters p = (Y, 0, Q) whose components describe
the amplitude of dissipative forces and the amplitude
and frequency of a periodic excitation, respectively. We
assume that the quantities y and || are small, i.e., that
system (1) is close to an autonomous conservative sys-
tem. The evident restrictionsy > 0 and Q > 0 are
imposed on the parametersy and Q.

Werewrite (1) asaset of equations of thefirst order:

0,0
x =070

x = A(QU)X, .
Oy O

(@)

The (2m x 2m) matrix A(Qt) is areal-valued periodic

function with period T = ZQZ[ The (2m x 2m) matrix
X(t) satisfying the relationships
X = A(Qt)X, X(0) = I 3)

isreferred to asamatriciant of system (2), with I being
the unit matrix. The value of the matriciant at t =T is
referred to as a monodromy matrix F = X(T) [3].
According to the known theorem on the parameter
dependence of solutions to differential equations, the
monodromy matrix is a smooth function of the param-
eter vector p. The eigenvalues p of the matrix F are
called multipliers. System (2) is asymptotically stable
if al its multipliers are located inside the unit circle on
the complex plang, i.e., |p|< 1. If at least one multiplier
is outside of the unit circle, i.e., |p|> 1, then the system
becomes unstable [3].

If y=0=0, system (1) is conservative. Seeking its
solutions in the form y = uexp(iwt), we arrive at the
eigenvalue problem

Cu = w’Mu, u'Mu = 1, 4)

where the second equality is anormalization condition.
The real-valued natural frequencies w and vibration
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modes u are determined from these equations. We
assume that all the frequenciesO< w, < w, < ... < Wy,
are different and denote the corresponding eigenvectors
by uj,withj =1,....m

When y = & = 0, the multipliers of the monodromy
matrix F, are given by [3]

~ . 2Tt
P Pj = exp(xiwT) = exp%qug 5)

j=1..,m

Since all the multipliers p; (5) are a the unit circle
|p|= 1, the stability of system (1) for nonzeroyand dis
determined by perturbations of all the multipliers. In
general, all p; are different. Repeated multipliers appear
for the following critical values of the frequency Q:

om k=12 .. (6)

(7
i>l, k=12 ..

Equalities (6) and (7) define, respectively, the main
(ssmple) and combination resonances and correspond
to the double multipliers p = (-1)* and p = exp(iwyT).
Multipliers of higher order originate only if the quanti-
ties W = w are linked by rationa relationships. Here, |,
I=1,...,m;j=I;and]j #I inthe case of w — wy. These
cases are hongeneric and will not be considered in this
paper.

2. Weassumethat, for y=0=0and acertain Q = Q,,
all the multipliers of the monodromy matrix F, are
different. Using the formulas for the derivatives of sim-
ple multipliers with respect to parameters [1, 2] and
taking (4) into account, we obtain, to afirst approxima-
tion, the following expression for the modulus of the
multiplier of system (2):

T

lpj(p)| = 1~ = D

ly +o(p—pd). ®)

wherep, = (0, 0, Q). It follows from the assumption on
the positive definiteness of the dissipative matrix D that
the coefficient of y in (8) is negative. Therefore, the
introduction of small dissipative forces results in the
displacement of all the simple multipliersinto the inte-
rior of the unit circle for small || and |Q — Q.. This
impliesthat small dissipative forces stabilize system (1),
which is subjected to weak parametric excitations for
noncritical values of the frequency Q.

3. The instability (parametric resonance) can origi-
nate at frequencies Q closeto critical values (6) and (7).
Under these conditions, the double multipliers appear
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at the unit circle. Let the frequency Q = Q, of a para-
metric excitation satisfy the relationship

w; +w = kQ, )

for certain frequencies w, and w of the conservative
system and for a certain natural number k. It is worth
noting that condition (9) involves both the case of main
resonance (6) for j = | and the case of the summed com-
bination resonance (7) for j > I.

Condition (9) implies that two multipliers coincide:

_ . 21
Pj = P = exp(iwTy), To= o
0
Denoting p, = p; = P, we obtain that p, = (-1)* for

j =1 (main resonance), whilefor j > I, p, is a complex-
valued multiplier (combination resonance). The double
multiplier p, is semisimple because two linearly inde-
pendent eigenvectors correspond to it. Employing the
theory of perturbations for multiple eigenvalues[8] and
the formulas for the derivatives of the monodromy
matrix with respect to the parameters[1, 2], we find the
equation for the stability region in the first approxi-
mation:

o, qu}

(10)

v(nj+n|)[

2
O-+§:|y:| >0.

_[2262+k(nj_nl KO

Here, AQ = Q — Q,, and the coefficients n;, n, o, &,
and &, are real quantities determined by the relation-
ships

(m cub

T T W;Cy~ + W Cy
n,=uDu;, n=uDuy, o,=—"2—12
R e PR * 20w,
C(Jkl)c(k”) (u) ikt a
+ié, = ——, = u; B(t)u;e dr.
Grik = o j. (1)

It is worth noting that the constants n; and n, are posi-
tive due to the assumption on the positive definiteness
of the dissipative matrix D. Inequality (10) defines the
form of the stability region in the three-dimensional
space of the parametersp = (y, 6, Q).

We now consider the critical frequency Q, satisfy-
ing the condition

W —w = kQq, ] > (12)

for a certain natural number k (difference combination

resonance). In this case, there is a semisimple double

multiplier p, = p; — p, for y = 8 = 0. Then, the first
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Fig. 1.

approximation for the stability region in the neighbor-
hood of the point p, = (0, 0, Q,) takes the form

2

]

v+ iy’ + €8+ k o+ 2

2

~[e.82-kin,-nofho+ 2] >

Here, the rea coefficients n;, n;, &;, and &, are deter-
mined by relationships (11) and the real constant o_is

wicy — ey

200w,
the sign of the inequalities in (10) and (13) yields the
equation for the boundary of the stability region in the
first approximation.

(13)

given by the equality o_ = . Changing

We now analyze the configuration of the instability
regions (parametric resonance) in the following most
COMMON Cases.

(a) Let the parametric-excitation matrix B(Qt) be

symmetric. Then, the quantities ¢!}’ and c{” are com-

plex conjugate. Therefore, &, = 0 and the quantity &,
in (11) takesthe form

in . | |
_ C(_lk)c(kl) (a(l )) + (b(l ))
El - O’
w; 0 4w,

2n

Gn _ 1o 7
ay T-JUj B(1)u,cos(kt)dt,

2m

p{" %JujTB(T)msin(kT)dT.
0

In the case of main and combined resonances of the
summation type (9), stability condition (10) leads to an
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inequality defining the parametric resonance region
(after the reduction of the positive factor):
n;n, ’

n,—n.vz—~2162+4k
n;+m)°

<O. (14)

Since the quantities n; and n, are positive and &; = 0,
condition (14) for &, # 0 defines the interior of a cone
in the three-dimensional space of the parameters p =
(y, 0, Q) (Fig. 1). The cone axis defined by the centers
of the conic plane sections at d = const is determined by

. 0.0
theequationsy=0and Q - Q, + e 0. In the case of
parametric excitation, with azero mean ¢ = c{" =0,

we have o, = 0 and, therefore, the cone axisis paraIIeI
to the Od-axis. The stability region corresponds to the
exterior of the cone.

When the number k specifying the number of reso-
nances (9) increases at fixed values of w and w, the
coefficient &, decreases as the modulus sgquared of the
Fourier series expansion term. As aresult, the instabil-
ity cone rapidly shrinks with increasing k and the cone
axis is straightened. The section of the cone by the
plane & = const (with the parametric excitation ampli-
tudefixed) isan ellipse. Because of the factor k? in (14),
the ellipse shrinks in the direction of the OQ-axis with
increasing k. Since the denominatorsin (11) contain the
products ww, the quantities &, and |o, | decrease with
increasing j and |. As a result, the instability cone
shrinksand itsaxisis straightened with increasing j and
l,i.e., for resonances at higher frequencies.

In the case of the difference-type combination reso-
nance (12), it follows from stability condition (13) that
the parametric-resonance region is defined by the ine-
quality

o3¢ . (15)

2 2 2 NN
Ny +€:8° + 4k —— dhQ + ——1 <

(n;+n)

It is noteworthy that inequality (15) differs from (14)
only inthe sign of the second term and in the coefficient
o_, which is used in place of o,. Consequently, for
&, £ 0 (nondegenerate case), only one of the inequali-
ties (14) and (15) defines a cone, while the other gives
the point y= 0 = AQ = 0 (absence of resonance). There-
fore, for positive &, the region of the difference-type
combination resonance is lacking. It is worth noting
that, in the case of Hamiltonian systems (without dissi-
pation), the absence of the difference-type combination
resonances has already been noted [3].

(b) Let the parametric-excitation matrix have the
form B(Qt) = ¢(Qt)B,, where B, is an arbitrary time-
independent matrix and ¢(1) is a 2re-periodic scalar
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function. In this case, the product c(_jQ)c(k'j) in (11) is

real. Therefore, &, = 0 and the coefficient &, isgiven by
&, = M
! 4090
121‘[ 1211 (16)
o= L [e(costknydr, Be= 7 [o()sin(knydr.
0 0

_ .7 T
» Cj = U;Bouu; Bouj,

In the case of the main resonance and the summed com-
bination resonance (9), the stability condition (10)
defines the parametric-resonance region (14). For the
difference-type combination resonance (12), the insta-
bility region is given by (15). In the nondegenerate
case, when ¢, # 0, the sign of &, coincides with that of
c;. For the main resonance, ¢; = 0; therefore, when
c; # 0, there exists the main-resonance region defined
by cone (14). The existence of combination resonance
regions depends on the sign of ¢;. Namely, for ¢; >0 or
¢y < 0, only the region of the summed or difference-
type combination resonance exists, respectively. The
shape of the parametric-resonance regions (cones)
depends on the resonance number k and the frequencies
w and w just asin the case (a) described above. When
¢y = 0, the resonance region is either absent or degener-
ate (i.e., the first approximation represents a straight
line).

We formulate the results obtained in the following
Statement.

Theorem. For a symmetric matrix B(t) = B'(1),
system (1) exhibits only the main resonance (6) and the
summed combination resonance (7). In the case of
B(1) = ¢(1)B,,, where ¢(1) is a periodic scalar func-
tion and B, is a constant matrix, either the main reso-
nances (6), the summed combination resonances (for
¢y > 0), or the difference-type combination resonances
(for ¢; < Q) are realized in the system. In the three-
dimensional space of the parameters y, 8, and Q, the
regions of both main and summed combination reso-
nances are described by cones (14), while those of differ-
ence-type combined resonances are given by cones (15).

The cases (a) and (b) considered above correspond
to the most conventional forms of parametric excita-
tions. In other cases, stability conditions (10) and (13)
can be used to find the three-dimensional resonance
regions. Condition (10) defines the parametric-reso-
nance region (14) (cone) for &, > 0 and &, = O, while
condition (13) describes the resonance region (15) for
& <0andg,=0.

4. We now fix the parameter y > 0 and consider the
case of &, = 0 [for example, cases (a) and (b) consid-
ered above]. Then, to a first approximation, the para-
metric-resonance regions are defined by (14) and (15).
Depending on the sign of &, the parametric-resonance
region is either absent or occupies the interior of the
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Fig. 2.

hyperbolas (conic sections by the plane y = const) on
the two-dimensional plane of the parameters & and Q
(Fig. 2). The asymptotes of these parabolas are deter-
mined by the equation

12
12 (njny) 07 _
&, e‘>J_r2k—————nj+nI AQ+-=5=0, (7

where the subscript s stands for “+” and “~" for reso-
nances (9) and (12), respectively. If the average over a
period for the matrix B(Qt) is zero, then 0, =0_= 0.
The parametric-resonance region on the plane (o, Q)
decreases with increasing the dissipative parameter .
In the first approximation, using (14) or (15), we find
the minimum (critical) excitation amplitude |d|and the
corresponding frequencies at which the parametric res-
onance is possible:

Hl[]—l :IJZV’ Qi - QO_O-T(ai.

3

5, =2

(18)

Here, Q, is the resonance frequency given by (9) or
(12), depending on the resonance type (Fig. 2).

5. As an example, we now consider Bolotin’s prob-
lem[5, 9] on the dynamic stability of the plane bending
of a beam. The elastic beam is assumed to be simply
supported at its ends and loaded by the periodic
moments M(Qt) = d¢p(Qt) in the plane of its maximum
stiffness, where ¢(1) is a 21e-periodic function. Bend-
ing-torsional vibrations off this plane are described by
the equations[9]

0°0 _

2 4
o'w ow o'w 99,

mﬁ + dela + EJW +3¢(Qt)

90 9°w

20°0

ot?

(19)
0°0 _

2
mr +ymr-d, — = 0.
0Xx
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Fig. 3.

Here, w(x, t) is the transverse deflection of the beam;
B(x, t) and r are the torsion angle and the radius of iner-
tiafor the beam’s cross section, respectively; EJand Gl
are the bending and torsion stiffnesses of the beam,
respectively; misthe mass per unit length of the beam;
yisthe parameter of dissipativeforce (viscousfriction);
and d, and d, are fixed constants defining the bending
and torsional friction forces. The boundary conditions
take the form

0°w

Pl

Xx=0I:w= (20)

wherel isthe beam length. We seek the solution to sys-
tem (19), (20) in the form of a series[5]:

w(x t) = ZWn(t)sinn+[X
- (21)
B(x, 1) = ze (t)san[X

where W,(t) and ©,(t) are unknown functions of time.
Substituting (21) into Eq. (19), we obtain a set of ordi-
nary differential equations with respect to W,(t) and
©,(t) of the form of (1) with

g o g
U U U U
M=pl0, p=g%%q c=H% ZE,
0010 00 d,0 50 &0
0 2l 22
U o _@D (22)
0 1’m U Ow, O
B(Qt) = ¢(Qt)DO 0 y=0_"0O
0 2n? 0 0e,0
0—5 0 O
O rl"m O
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Here, w,; and w,, are the natural frequencies of bend-
ing and torsional vibrations of the beam, respectively:

2
_nm [E]
nl |2 m’ n2 rl

_nn [GI

oon=12.. (23)

The eigenvectors corresponding to the frequencies wy,
and w,, are equad to u,, = (1, 0)T and u,, = (0, 1)T,
respectively.

We now analyze the stability of system (1) with
matrices (22) for a certain fixed n. Since B(Qt) =
o(Qt)B,, where B, is a fixed matrix, this system
belongs to the type considered in item (b). The quanti-
ties determined from Egs. (16) take the form

4 4
_ o,
T 4.2 2

Ciy = Cp =0,
I"'r'm

(24)

Ci

Therefore, the regions of the difference-type combina-
tion resonance are absent, while the main resonance
regions are degenerate (in order to analyzethem, higher
approximations are required). According to (14), the
regions of the summed combination resonance at fre-

+
quencies close to Q, = (i)ﬂl-—k—u—)”—z k=1,2, .. ae
defined by
dldzyz_clz(ak By 52+ 4K d,d, ZAQZSO, (25)
4(*)nl(’onZ (dl + dz)

where the quantities o, and [, are determined from
(16).

To carry out humerical calculations, we set n = 1,
d(T)=cost,d;=dy =1, w,; =15%, w,= /5 st 12?m=

T—[Z kgcm, andr?= 4 cm?. The boundary of the com-
4 /5

bination resonance region (with k= 1) given by (25) in
thefirst approximationisshownin Fig. 3 (solid curves).
The same quantity obtained by numerical evaluation of
the monodromy matrix for various values of the param-
etersy, 0, and Q is also shown (dashed curves). The
Runge—Kutta method was employed to integrate
Egs. (3). It is seen from Fig. 3 that the exact (obtained
numerically) and approximate regions of the combina-
tion resonance are well matched up to the amplitudes
0=0.8.
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