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In [1, 2], it was found that the energy surfaces of
quantum systems can cross, forming a conic singular-
ity, which is often called a diabolo and the apex of the
cone is called the diabolic point [3]. The energy sur-
faces are mathematically described by the eigenvalues
of real symmetric and Hermitian operators (Hamilto-
nians) depending on two or more parameters, and the
diabolic point is characterized by a double eigenvalue
corresponding to two linearly independent eigenvec-
tors. In crystal optics, optical axes characterized by a
coincidence of the refractive indices are analogs of dia-
bolic points [4, 5]. In current problems of quantum
physics, physical chemistry, crystal optics, and acous-
tics, itisimportant to know how the conic singularity of
the energy surfaceis deformed under arbitrary complex
perturbation, which describes dissipative and other
nonconservative effects, with the formation of singular-
ities corresponding to Jordan blocks [6-9].

In this work, we study singularities of the energy
surfaces formed by the eigenvalues of the real symmet-
ric and Hermitian matrices depending on parameters
under arbitrary complex perturbation. Using the theory
of eigenvalue bifurcations, which was developed
in [10], we derive genera asymptotic formulas describ-
ing the deformation of the energy surface near the conic
singularity for various complex perturbations. The
deformation of the eigenvalue surfaces appears to be
described by the eigenvalues, eigenvectors, and deriva-
tives of the Hamiltonian with respect to the parameters
at the diabolic point. As an application, the singul arities
of the refractive-index surfaces in crystal optics are
studied. Explicit expressions are obtained for these sur-
faces as functions of the properties of a crystal. Singu-
lar axesare found for crystalswith weak absorption and
optical activity. In terms of the components of the
inverse dielectric tensor, we obtain anew condition that
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distinguishes crystals with prevailing absorption and
with prevailing optical activity.

1. We consider the eigenvalue problem
Au = Au (1

for an m x m Hermitian matrix A, where A is an eigen-
value, and u is an eigenvector. Such eigenvalue prob-
lems appear in reversible and irreversible physical sys
tems without dissipation. These two cases correspond
to real symmetric matrices and complex Hermitian
matrices [9]. In quantum mechanics, A, A, and u corre-
spond to the Hamiltonian, energy level, and vector of
state, respectively. The matrix A is assumed to be a
smooth function of the vector p = (p,, 5, ..., Py Of N
real parameters.

Let A, be a double eigenvalue of the matrix A, =
A(p,) for a certain vector p,. Since A, is a Hermitian
matrix, the eigenvalue A, is real and corresponds to two
linearly independent eigenvectors u, and u,. Thus, the
point of interaction between two eigenvalues is dia
bolic. Let us take the normalized eigenvectors; i.e.,

(U ug) = (U uy) =1, (ug,uy) =0, ()

where (u, v) = ZI”‘: L UiV, isthe scalar product of the
vectorsin C™.

Under the perturbation of the parameters p = p, +
Ap, the double eigenvalue A, is split into two single

eigenvalues A, and A_, which are determined by the
asymptotic formula[10]

AL = A +|:f11+f22aAp|:|
+ = ANt —————

’ (3)
+ JEQ%AEE? + [f,,, ApO,,, ApQl
The components of thevectorfij:(filj, f,2J fi”j)are
given by the formula
= [PA N )

N Dapkui’ io
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where the derivatives are calculated at the point p, and
@, b= Z” a;b; isthescalar product of vectorsin Cn.

i=1
In Eq. (3), the terms o(||Ap]]) and o(]|2p|F) are omitted
outside and inside the radicand, respectively. Since A is
a Hermitian matrix, the eigenvalues f,, and f,, are rea
and vectors f,, = f, are complex conjugate. The
asymptotic expressions of the zeroth approximation for
the eigenvectors u,. corresponding to the eigenvalues A,
have the form [10]

Uy = O.Up +B.Uy,
Dlz, ApD _ )\i _)\0 - |j22, Ap':l (5)
A —Ao— Oy, ApD O ,,, ApO

'@lQ
[ T

L et us consider an arbitrary complex perturbation of
the family of matrices A(p) + AA(p). Such perturba-
tions appear due to nonconservative effects (such as
dissipation), which violate the Hermiticity of the unper-
turbed problem [9]. Let us assume that the perturbation
AA(p) ~ e issmall, where e = ||AA(py)|| is the perturba-
tion norm calculated at the diabolic point. The behavior
of the eigenvalues A, for small Ap and € values is
described by the asymptotic expressions [10]

A (,; + 1y, Apl] 311"'3221]2
%\i_ 0~ 2 - 2 N

_ (O —f ApO+e ;- 822)2

! (6)
+ (O, ApO+e o) (O, ApO+e ),
where
&; = (AA(po)u;, U;) (7

are small complex numbers on the order of €. The small
variation of the family of matrices providesacorrection
to the asymptotic expression for the eigenvectors u, =

asu, + B;u,, where
_ [, Ap+e 1
- A.—Ag— gy, Apl-€yy

_ A—=Ag— Oy, Apl-¢,
- Oy, Ap+e 5 '

+ ™

'CDlQ
1+

®)

We emphasize that af/B5 = af /B’ at the point of the
coincidence of the eigenvalues A, = A_. Thus, at this
point, the eigenvectors coincide, u, = u_, and a Jordan
block arises.
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2. Let A(p) be the n-parametric family of real sym-
metric matrices. In this case, the vectors f,,, f,,, and
f, =f,, arerea and Eq. (3) assumes the form

%\ Y O t+fy, Aplg
+ 0 2 D
[f,, — fop, A )

This equation describes the surface consisting of two
sheets A, (p) and A_(p) in the (p;, Py, ..., Pns A) SPace.
For the two-parametric matrix A(p,, p,), EQ. (9) deter-
mines a cone with a vertex at the point (p,, Ay) in the
(P1> P2, M) space[1, 2].

We consider the perturbation A(p) + AA(p) of the
real symmetric family A(p) near the diabolic point p,,
where AA(p) is a complex matrix with the small norm
€ = ||AA(py)||- The splitting of the double eigenvalue A,
in the presence of the parameter change Ap and small
complex perturbation AA isdescribed by Eqg. (6), which
assumes the form

A= Ao+ptde, = (x+8)7+(y+n)*-1%(10)
where

1
5 Oy —f, ApQ

1 1
Ao = Ao"‘éﬁn"'fzz:ApEl X = 5
(11)

y = [y, Apd
arerea and

M= %(811"'822)1 & = %(811—822),
(12)

1 1
n= 5(512"'521)! (= 5(512_521)

are small complex coefficients.

From Egs. (10) and (11), we obtain the following
expressions for the real and imaginary parts of the per-
turbed eigenvalues

ReA, = Ab+RepiJ%(Rec+A/Rezc+ Im’c), (13)

ImA, = Imuij%(—Rec+A/Re2c+lm2c). (14)

Equations (13) and (14) determine surfaces in the
(pl’ pZ’ ceey pn9 Re)\) and (pl’ p29 (RS pn’ Im)\) Spacesv
respectively. Two sheets of the surface given by
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Eqg. (13) arejoined (ReA, =ReA ) at the points satisfy-
ing the conditions
Rec<0, Imc =0, ReA, = A\j+Rey, (15)
and the sheets ImA ,(p) and ImA_(p) are joined at the
points of the set
Rec=0, Imc =0, ImA, = Imp. (16)
When the parameters are perturbed, the eigenvalues
continue to be double under the condition ¢ = 0, which
provides the two equations Rec = 0 and Imc = 0.
Depending on the sign of the quantity
D = Im°Z +Im°n—-1m?, (17)
two cases can be redlized. For D > 0, the equations
Rec =0 and Imc = 0 have the two solutions (x,, y,) and

(%p» Yb), Where
Im&RelIml

Xap = —ReE +
&b Im?E + Im°n

(18)

. Imn J(Im?€ + Im°n + Re’Z)D
N Im?E +Im°n ’

Vay = —Ren + ImnRelIm{

(19)

. ImE J(IM?¢ + Im’n + Re?7)D
Im?€ + Im?n '

These solutions determine the points in the parameter
space at which double eigenvalues appear. For D = 0,
the solutions coincide. For D <0, theequationsRec = 0
and Imc = 0 have no real solutions. In this case, the
eigenvalues A, and A_ are different for all Ap values.

We notethat Im & and Imn are expressed in terms of
the anti-Hermitian component AA, = % (DA — DA of
the matrix AA as

_ (AAN(Po)uy, Ug) = (AAN(Po) Uy, U,)
§ = > ,

(AA\(Po)Uy, Uy) + (AAN(Po)Uy, Uy)
2i '

whereas Im{ is expressed in terms of the Hermitian
component AA,, = %(AA +AA") as

Im

(20)

Imn =

_ (AAL(po)uy, Up) = (AAL(Po)Uy, Uy)
¢= 2i '

For D > O, the effect of the anti-Hermitian part of per-
turbation AA is stronger than that of the Hermitian part.

Im 1)
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If the Hermitian part prevailsin perturbation AA, then
D < 0. In particular, D = -Im?C < 0 for pure Hermitian
perturbation AA.

L et usassume that the vector p has only two compo-
nents p, and p, and consider the surfaces given by
Egs. (13) and (14) for various perturbations AA(p).
First, we consider the case D < 0. Then, the eigenvalue
surfaces ReA,(p) and ReA _(p) do not cross (Fig. 1a).
The equation Imc = 0 determines a straight line in the
parameter plane. According to conditions (16), the
sheets ImA, (p) and ImA_(p) of eigenvalue surfaces (14)
cross along the straight line

1 —
élmc = (x+Re&)Im& + (y + Ren)Imn 22)

—Re(ImZ = 0, ImA, = Imp.

For D > 0, the straight line Imc = O contains the
points p, and p,,, where the eigenvectors coincide. The
coordinates of these points are determined from
Egs. (11), where x = X, , and y = Yy, ,, are given in
Egs. (18) and (19). According to Egs. (15), the sheets of
the real parts ReA,(p) and ReA_(p) of the eigenvalues
are joined along the segment [p,, py] of theline

%Imc = (x+Reg)Im¢ + (y + Ren)Imn 23)

—RelIm{ = 0, Re\A, = A+ Rep.

The singularity of the surface of the real parts of the
eigenvalues described by Eq. (13) for D > Oiscaled a
“coffeefilter” [8]. The deformation of the conic singu-
larity to the coffee filter is shown in Fig. 1b. In the
optics and acoustics of crystals, the segment [p,, py] iS
called the branch cut, and the points p, and p,, deter-
mine “singular axes,” because, according to Eq. (8),
each double eigenvalue at these points corresponds to
only one eigenvector [4, 5, 7].

3. The optical properties of a nonmagnetic crystal
are characterized by the inverse dielectric tensor 7,
which relates the electric field strength E and electric
displacement D [4]

E = nD. (24)

For amonochromatic plane wave propagating with fre-

quency winthedirections = (s;, S,, S3), |Is|| = 1, we have
- i) gr

D(r,t) = D(s)expm)D c S r—%, (25)

wheren(s) istherefractiveindex, and r isthereal vector

of the spatial coordinates. In view of Eq. (25) for the

wave and Eq. (24), Maxwell equations are transformed
to theform

nD(s)-ss'nD(s) =

D(s). (26)

n’(s)
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ReA (a)
D <0
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Fig. 1. Unfolding of a conic singularity under complex perturbation.

Multiplying Eq. (26) by the vector s™ from the left,
we find that the vector D for a plane wave is always
orthogonal to the direction vector s; i.e., s'TD(s) = O.
Using this condition, we represent Eq. (26) in the form
of the eigenvalue problem

[(1 —ss)n(I =ssN)]u = Au, 27
where A =2, u =D, and I is the identity matrix. Since
I - ss' is a singular matrix, one eigenvalue is always
equal to zero. We denote the other two eigenvalues as
A, and A_. These eigenvalues determine the refractive
index n, and the corresponding eigenvectors determine
the polarization [4].

The inverse dielectric tensor is described by the
complex non-Hermitian matrix N = Nyang + Naichroic +
Nerira- 1he Symmetric part of the matrix n consists of
the real matrix Nyang, and imaginary matrix M igyeic and
forms the anisotropy tensor describing the birefrin-
gence of the crystal. For a transparent crystal, the
anisotropy tensor isrea and consists only of the matrix
Nuansp- FOr @crystal with linear dichroism, thistensor is
represented by a complex matrix. Choosing the coordi-
nate axes along the principal axes of the matriX Nyane,
we obtain Nyang, = diag(n;, Ny, N3). The matrix

O O
ON% N5 N4 0
Ndichroic = i%ngz r]g2 n(ZJSE (28)

0 0
0N% N3 N% 0

describes linear dichroism (absorption). The matrix
Nuirag 1S the antisymmetric part of . It isdetermined by
the optical activity vector g = (g,, g,, 9;) of the crystal,
which depends linearly on s:

E 0 -0 92%

= 0 —

D93 ng
0-9, 9. 00O

MNchiral

(29)
%Vn Yo Y13 @E Sy E
g=7vs= ,
0 Y12 Yo Y3 o0 S, 0
UY13 Yoz Yzs OO S0

where y is the symmetric optical-activity tensor [4, 5].
First, we consider a transparent crystal for which
Naichroic = ¥ = 0. In this case, the matrix

A(p) = (I _$T)ntransp(| _SST) (30)
isreal and symmetric and depends on the two-compo-
nent vector p = (s, S,). The third component of the vec-

tor s is represented as s; = +,/1-5. —s5, where the
cases of two different signs should be analyzed sepa-
rately. In what follows, we assume that n, > n, > ns,
which corresponds to a biaxial crystal.

Nonzero eigenvalues A, of the matrix A(p) are
found in an explicit form and are identical for opposite
No. 11
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directionss and —s. The eigenvalues A, and A_ coincide
at the points

S0 = (Slv 01 SS)T! }\O = Ny,
N1—No + 1 3D
== Ni— r] ﬁ

which determine four diabolic points (for two signs of
S, and S)), thelatter also being called optical axes[4, 5].
A double eigenvalue A, = n, of the matrix A, = A(p,),
where p, = (S, 0), corresponds to two eigenvectors

> = ($,0,-8)7,

which satisfy normalization conditions (2). Using
Egs. (30) and (32), we find the vectors f;; with compo-
nents (4) for the optical axes. Substituting them into
Eq. (9), weobtain thefollowing local asymptotic expres-
sionsfor conic singularitiesinthe(s,, s,, A) space, which
arevalid for each of the four optical axes (31):

u, = (0,1,0)7, u (32)

(A=nN2=(N3=N1)Si(s; - S))°
= (N3—N)°SH((5,-S)° + S595).

Let us assume that the crystal is absorptive and opti-
cally active. In this case, one can suppose that the fam-
ily of matrices given by Eg. (30) undergoes complex
perturbation A(p) + AA(p), where

(33)

AA(p) = (I _SST)(ndichroic+nchiral)(| _SST)- (34)
Let us assume that the absorption and optical activity
are weak; i.e, the quantity € = |Mgcvoicl| + |Menirall IS
small. Inthiscase, the above general asymptotic formu-
las can be used to describe the rearrangement of the
conic singularity of the eigenvalue surface. To thisend,
it is only necessary to know perturbation AA on the
optical axis s, of the transparent crystal. Substituting
matrix (34), calculated on optical axis (31), into Eq. (7)
and using Eq. (12), we obtain

= 5%+ NS -215SS + N%S),

£ = L% -NLS + 2NhS,S, %)),
N = iN%S-NxS),

¢ =+ (Vllsi +2Y135 S+ Vagi)-

We notethat W, &, and n areimaginary and depend only
on absorption and that { depends on the optical activity
of the crystal.

Singularities in crystals with weak absorption and
optical activity were studied in [5]. It was shown that

(35)
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Fig. 2. Conical singularities on optic axes and their local
approximations.

the coffeefilter singularity appearsin crystals with pre-
vailing absorption and that the surfaces of thereal parts
of eigenvalues for crystals with dominant optical activ-
ity do not cross. According to the above general results,
these two cases correspond to the conditions D > 0 and
D <0, where D isgiven by Eq. (17).

As anumerical example, we analyze a crystal with
weak absorption and optical activity, which is
described by tensors (28) and (29), where

Il 1l 0 [l
o :i_53205 ESIZE a6
nd|chr0|c 200|:|2 3 1D' V 200 1 3 1
0013 52135

The corresponding transparent crystal is characterized
by the parametersn, = 0.5, n, =0.4, and n; = 0.1, and
its eigenval ue surfaces with two optical axes are shown
in Fig. 2 along with conical surfaces (33). Two optical

axes shown in Fig. 2 have the coordinates s, = %% , 0,

g’ E and correspond to the double eigenvalue A, = é ,
Using Egs (36) in Eq. (35), we conclude that the con-

ditionD = 160000 — (4./3 —5)>0issatisfied for the | eft

0. 30
optical axiss, = D 2 0, > O Therefore, the conic sin-

gularity is transformed into the coffee filter with two
singular axes. The local approximation of these sur-
facesisgiven by Egs. (13) and (14). Ontheright optical

[E'()@D
Il” ]

160000(4“/:_3 +5) < 0issatisfied. Thus, thereal parts

of eigenvalues do not coincide under a perturbation of

axis s, = the condition D =
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Approximate

Fig. 3. Refractive-index surfaces for a crystal with weak absorption and optical activity.

the right optical axis. The approximate and exact eigen-
value surfaces are shown in Fig. 3, whereit is seen that
asymptotic formulas well reproduce the singularities of
the refractive-index surfaces of crystals with weak
absorption and optical activity.
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