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Abstract

We consider shock waves satisfying the viscous profile criterion in general sys-
tems of n conservation laws. We study S; ; dual-family shock waves, which are
associated with a pair of characteristic families i and j. We explicitly introduce
defining equations relating states and speeds of S; ; shocks, which include the
Rankine—Hugoniot conditions and additional equations resulting from the viscous
profile requirement. We then develop a constructive method for finding the general
local solution of the defining equations for such shocks and derive formulae for the
sensitivity analysis of S; ; shocks under change of problem parameters. All pos-
sible structures of solutions to the Riemann problems containing S; ; shocks and
classical waves are described. As a physical application, all types of S; ; shocks
with i > j are detected and studied in a family of models for multi-phase flow in
porous media.

1. Introduction

In this paper, shock waves in general systems of n conservation laws in one
space dimension x are considered. When shock waves are required to possess vis-
cous profiles rather than to satisfy Lax’s inequalities, new types of shocks arise. In
general, these shocks may be associated with the i-th characteristic family on the
left and the j-th characteristic family on the right. We call such waves S; ; dual-
family shocks. It was shown in [5] (see also [6]) that for i > j the viscous profile
requirement provides exactly the number of additional equations (i — j equations)
that are necessary to ensure that the number of characteristics emanating from the
shock in positive time direction equals the number of independent equations at the
shock interface.

For systems of two equations, transitional shock waves (i = j + 1) were stud-
ied in [4, 11, 13], and novel structures of Riemann solutions resulting from such
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shocks were described. Shock waves with one or several additional equations for
the viscous profile were found in problems of wave propagation in ferromagnet-
ics, composite elastic media, elastic beams, and magnetohydrodynamics, see [6].
In three-phase flow in porous media they were analyzed for the case S 1 in [10].
A program for studying stability in the sense of Hadamard of S; ; shocks was
presented in [7], where a simple example of S3 ; shock was exhibited. Another
example of S3 1 shock can be found in [8].

In this paper, we explicitly introduce defining equations that relate states and
speeds of S; ; shocks. These equations include Rankine-Hugoniot conditions (basic
equations) and additional equations resulting from the viscous profile requirement.
We then develop a constructive method for perturbation analysis of general dual-
family shocks under parameter change, in which relationships between states at
opposite sides of the shock, and shock speed resulting from perturbations of prob-
lem parameters are derived.

The role of S; ; shocks in solutions to the Riemann problem is described. It
turns out that S; ; shocks withi > j may appear in generic Riemann solutions. The
presence of §; ; shocks withi > j + 1 leads to the repetition of separated classical
waves of the same characteristic family in a Riemann solution.

As a physical application, we consider the flow of multi-phase fluid through
a porous medium with the quadratic Corey model for relative permeabilities of
fluid phases. For the identity viscosity matrix, we find analytically S; ; shocks for
any i > j. The method for finding these shocks by continuation for state-depen-
dent viscosity matrices of Corey type models is discussed. The variety and form of
dual-family shocks may be important for applications such as oil and gas recovery.

This paper is organized as follows. Dual-family shocks are introduced in Sec-
tion 2. Section 3 contains a qualitative study of the viscous profile requirement and
defining equations. The defining equations relating states and speeds of S; ; shocks
are explicitly given in Section 4, and variation of these equations under change
of problem parameters is studied. Section 5 discusses structures of Riemann solu-
tions containing S; ; shocks. In Section 6, S; ; shocks are analyzed in multi-phase
flow through a porous medium. The conclusion summarizes the contribution. Some
technical proofs are given in the Appendix.

2. Dual-family shock waves

We consider systems of partial differential equations of the form

0G(U)  IFU) D U -
T —88X<D(U)ax>, >0, xeR (1

in the vanishing viscosity limit &€ N\ 0. The function representing conserved quan-
tities G(U) € R", the flux function F(U) € R", and the n x n viscosity matrix
D(U) depend smoothly on the state vector U € R". Taking ¢ = 0 in (1) yields a
system of n first-order conservation laws

F
aG(U) n dF(U) _

0. 2
dt 0x 2
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The characteristic speeds are given by real eigenvalues A(U) of the characteristic
equation det(d F/oU — 1 0G/oU) = 0. Assuming that all the eigenvalues are real
and distinct in a region of state space U (the strictly hyperbolic region), we list
them in increasing order A < Ao < - -+ < Ay

A shock wave is a discontinuous (weak) solution of system (2) consisting of a
left state U_ = limy,; »; U(x, t) and a right state U = lim, /s U (x, t), where
s is the shock speed. A shock wave is considered admissible if there is a traveling
wave solution (or viscous profile) U(x,t) = U(¢), ¢ = (x — st)/¢e of system (1),
which represents the shock in the vanishing viscosity limit ¢ ~\ 0. Substituting this
solution into (1) and integrating over ¢, we find that U (¢) is a solution (orbit) of
the system of ordinary differential equations

DU)U = F(U) - F(U-) = s(GU) — G(U-)), 3)

“connecting” the left equilibrium U (—o0) = U_ to theright equilibrium U (4-00) =
U. The dot denotes the derivative with respect to ¢.
By linearizing equation (3) about the equilibria U_ and U, we obtain

AU = B(Uy, s)AU, AU@)=U() — Ug, “)

where B(U, s) is the n X n matrix
0
B(U,s) = E[Dfl(U)(F(U) —FWU-)—s(GWU) — G(U_)))]. (5)

Let n; (U, s),i = 1,...,n be the eigenvalues of the matrix B(U, s) ordered with
increasing real parts Re uy S Repup < -+ < Re wy.

Let us define a S; ; shock as a shock possessing a viscous profile and satisfying
the inequalities

Repi—1(U-,s) <0 <Reu;(U-,s),

Si.j: Repj(Uys,s) <0 <Rewjt1(Usg,s)

(6)
(ifi —1=0or j+ 1 =n+41, the corresponding inequality is disregarded). It is
easy to see that y; (U, s) =0and u;(Uy,s) =0if s = A;(U-)ands = A;(Uy),
respectively. Under rather general conditions (see e.g. [6, 9]), inequalities (6) reduce
to

ric1(U2) < s < A(U2),

S WU <s < AUy,

(N

Fori = j,inequalities (7) are the Lax conditions. Thus, a S; ; shockis a classical
i-shock. Shocks with i < j are called over-compressive. Fori = j+ 1 such a shock
is termed transitional or under-compressive. The inequalities in the first row of (7)
coincide with the Lax conditions for the left state U_ of an i-shock. Analogously,
the inequalities in the second row of (7) coincide with the Lax conditions for the
right state U of a j-shock. Therefore, the S; ; shock can be seen as a dual-family
shock wave associated with the i-th characteristic family on the left and with the
Jj-th characteristic family on the right.
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For characteristic shocks, the shock speed coincides with a characteristic speed
at the left, right, or both sides. As noted above, the eigenvalues p; (U_, s) and/or
wj(Uy, s) vanish in these cases. Thus, we can distinguish three types of character-
istic shocks as

S mi(U=,5) =0, Repj(Us,s) <0 <Repjr1(Us, 5);
S;;iRepi—1(U-,s) <0 <Reui(U-,s), uj(Uy,s)=0; ®)
Sffj cui(U—,s) =p;(Us,s)=0.

Conditions (8) can be written in terms of characteristic speeds as

Sijrs=xaU), 2j(Uy) <5 < Ajp1(Uy);
S5 hici(Uo) <5 < 2(U-), s =4, (Uy); ©)
Sffj s = A(U-) = A;(Uy).

3. Defining equations

Let us consider S; ; as a point in the space (U_, U4, s) of the left and right
states and speed of shocks. For each i, j, the set of all S; ; shocks can be expected
to define a smooth surface S; ; in the space (U_, Uy, s) (see [3] for an example
of such a surface for transitional shocks and quadratic flux functions). Locally this
surface can be given by a maximal rank system of equations. Following [6, 11],
we distinguish the basic equations defined by the system of conservation laws (2)
and additional equations determined by the viscous profile requirement. There are
n basic equations, which are the Rankine—Hugoniot conditions

HU_,Us,s) = F(Uy) — F(UZ) — s(G(Uy) — G(U-)) =0 € R". (10)

These equations are obtained from the condition that the shock is a weak solution
of (2), or from the requirement that U is an equilibrium of (3).
Additional n%¢¢ equations are denoted by

H (U U, s) =0eR™. (11)

The number of additional equations n%?“ can be determined by considering the

intersection of the unstable manifold M, (U_) and the stable manifold M (U)
of the equilibria U+. The viscous profile exists if the intersection of these manifolds
is not empty, see Fig. 1(a). Using inequalities (6), we find

dmM,(U_)=n—i+1, dimMUy)=j. (12)

Generically, M, (U-) and M (U) intersect forming a locally structurally sta-
ble phase state configuration if dim M, (U-) 4+ dim M (Uy) > n, which implies
i < j.Inthiscasen?@ = 0,i.e. there are no additional equations. Since the intersec-
tion of the manifolds has dimension dim M, (U_) +dim M;(Us) —n =i—j+1,
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(a)

Fig. 1. A viscous profile: (a) for S; ; shock, (b) and (c) for Sl.i/. shock.

generically there exists a single viscous profile for classical shocks (i = j) and an
infinite number of viscous profiles for over-compressive shocks (i < j).

Incasei > j, the manifolds M, (U-) and M (U ) do not intersect in general.
More precisely, if M, (U-) and M (U, ) intersect and the intersection is a single
orbit, then this is a singular situation (the so-called nontransversal intersection) of
co-dimension i — j [2]. The least degenerate case in this situation occurs when
the tangent spaces of M, (U_) and M (U+) have one-dimensional intersection
at each point of the connecting orbit (the so-called quasi-transverse intersection).
Therefore, the number of additional equations (11) for S; ; shocks with i > j
equals n%44 =i — j.

Similar surfaces S;j, Sl.’ I8 and Sfj, under some genericity assumptions for the
nature of nonhyperbolic equilibria, can be defined for characteristic dual-family
shocks. In these cases, there are one or two equations resulting from the conditions
s = AMU-) and/or s = A(Uy). These equations relate to system (2) only, and
supplement the basic equations (10). In case s = A;(U-), the orbits of equation
(3) starting at U_ as { — —oo generally form a smooth manifold Mg, (U-) of
dimension n — i + 1 [14]. This manifold has a boundary, which is the unstable
manifold M, (U_) of dimension n — i, see Fig. 1(b). We consider the generic
situation when the viscous profile U(¢) does not lie in the boundary. Similarly,
in case s = A;(U4), orbits finishing at U4 as { — oo form a smooth mani-
fold M, (U) of dimension j. This manifold has a boundary, which is the stable
manifold M (U ) of dimension j — 1, see Fig. 1(c). We assume that the viscous
profile U (¢) does not lie in M (U.). The dimensions of Mg, (U-) and Ms(U4)

-+
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coincide with the dimensions (12) for §;, ; shocks. Hence, the number of additional
equations remains the same, padd — j _ Jj.

The total number of defining equations provides co-dimensions of the shock
surfaces:

i < jrcodimS; j =n, codimSifj = codimS;rj =n+1,
codim Sijfj =n+2;

13)

i > j:codimS;; =n+i-—j, codimSl.ij =n+4+i—j+2,
. _ . + P (14)
codlmSi’j = codlmSi’j =n+i—j+1.

We see that the viscous profile admissibility criterion for S; ; shocks plays a
qualitatively differentroleincasesi < jandi > j.Indeed, forclassical (i = j)and
over-compressive (i < j) shocks, generically the viscous profile is a structurally
stable connecting orbit that persists under small perturbations of shock states and
speed satisfying the Rankine-Hugoniot conditions (10). However, for S; ; shocks
with i > j, the existence of viscous profile implies additional relations between
states and shock speeds. These relations depend on the form of viscous terms gov-
erned by the viscosity matrix D(U).

Note that surfaces corresponding to characteristic shocks form a part of the S; ;
surface boundary. The remaining part of the S;, ; boundary is related to bifurcations
of the viscous profile, see [12].

Example. Let us consider an §; ; shock with states U*, U_t and speed s* in a
system of three viscous conservation laws. There are n = 3 defining equations if
i < j (classical and over-compressive shocks), which are the Rankine—Hugoniot
conditions (10). These equations can be solved for U, . As a result, there is a dual-
family shock of the same type with an arbitrary left state U_ and speed s taken in
neighborhoods of U* and s*; the uniquely determined right state Uy is close to
U, see Fig. 2(a).

(a) (b) (c)

Fig. 2. Viscous profiles of S; ; shocks for three conservation laws: (a) classical and over-
compressive shocks, i < j, (b) Sp1 and 83,2 shocks (transitional shocks), (c) §3,1 shocks.
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Ifi = j 41 (transitional shocks S> 1 and S32), there is one additional equation,
which generically can be solved for the speed s. Therefore, for each left state U_
in a neighborhood of U* there is a dual-family shock of the same type with the
uniquely determined right state U and speed s, see Fig. 2(b).

Finally, there are two additional equations for a S3 1 shock. Solving these equa-
tions for s, the remaining equation defines a surface S_ in the space U_ passing
through U*. Hence, S3 1 shocks exist only for left states U_ chosen on this surface.
The speed and right state are given uniquely by the choice of a point U_ € S_, see
Fig. 2(c).

4. Sensitivity analysis of S; ; shocks

In this section, we study the local form and perturbation of the shock surface
Si,j. Incase i < j, this information can be obtained directly by variation of the
explicit Rankine—Hugoniot conditions (10). Thus, we will focus on the case i > j
when the viscous profile condition results in additional equations (11).

Let us determine explicitly the system of additional equations. Consider a vis-
cous profile U (¢) of an S; j shock (i > j) with states U and a speed s. Linearizing
equation (3) near the solution U (¢) yields

V =BWU®),s)V, V(—o0)=V(Hoo)=0, V(¢)eR" (15)

where the matrix B(U, s) is given in (5). The corresponding adjoint linear system
takes the form

W=—-BT(U©),s)W, W(—o0)=W(Hoo)=0, W(E)eR" (16)

Let us denote by W the linear space of solutions W (¢) of system (16). For any
bounded function X (¢) € R”, solutions W(¢) € W have the following property
[T wWT(X - BU(©Q), )X)d¢ = 0.

The proof of the following proposition is given in the Appendix.

Proposition 1. For any real ¢ and function W (¢) € W, the vector W (¢) is orthog-
onal to both M, (U-) and M(Uy) at the point U (¢) of the connecting orbit. In
case of quasi-transverse intersection of M, (U-) and My(Uy), dimW =i — j.

Consider a Poincaré hyperplane P orthogonal to the viscous profile at a fixed
point UP = U (¢?), see Fig. 3. Under perturbations U_ + AU_, Uy + AU, and
s + As satisfying the Rankine—Hugoniot conditions (10), the stable and unstable
manifolds M, (U_ + AU_) and M (U4 + AU ) change. Assuming that the per-
turbations are small, we can uniquely define the points UX € M, (U_ +AU_) and
UP € My(Uy + AU, ) such that UL € P and the vector UL — U is orthogonal
to both M,,(U-) and M (Uy) at U® . The vector UL — U is a measure of the sep-
aration between the perturbed manifolds M, (U- + AU_) and M (Ut + AU).
It can be seen that the manifolds M, (U- + AU_) and M (U4 + AU, ) intersect,
i.e. there is a connecting orbit between U_ 4+ AU_ and U, + AU if and only if
U_f = U?, see Fig. 3.
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U+AU_

Fig. 3. Perturbation of stable and unstable manifolds near a viscous profile.

Let us choose a basis W(¢), ..., Wi_ j.(;) of WW. We can then introduce the
function H“dd(U_, U, s) with values in R' 7/ as

HH -, Uy s) = (W eHW] = v, .. wEehHw! —uDh))

=wrehHwf -uh, (17)

where
W) =[Wi(©), ... Wi_j(©)] (18)
isann x (i — j) matrix. Indeed, since the vectors Wy (¢ ), ..., W;_;(¢?) are lin-

early independent and orthogonal to both M, (U_) and M, (U,) at U* (see Prop-
osition 1), then the condition U _f =UPis equivalent to 'H“dd(U_, Uy,s)=0.

The local form of the surface S; ; found by linearizing the defining equations
near apoint (U_, Uy, s) € §; ; is described as follows (see the proof in the Appen-
dix).

Theorem 1. The tangent plane (AU_, AU, As) of the manifold S; ; at the point
(U_-, Uy, s) €8, j is given by the equations AH = 0, AHMd = 0, where

AU " aU
aF 3G
= -s=—= AU_ — (G4 — G_)As, (19)

oo IF 3G
AHM = / w'Dy! (——s—) d¢ | AU-
oo W AU ) y_y

+00
+ (/ WD, (Gy - G_)dg“) As (20)
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are the linear parts of the functions H and H* evaluated at (U_, U, s) and writ-
ten in terms of deviations (AU_, AU, As). Here the abbreviated notation is intro-
duced Dy (§) = D(U(8)), Fu(§) = F(U(£)), Gu(¢) = GWU (L)), Fr = F(Uy),
and G+ = G(Ux), where U () is the viscous profile of the S; j shock at the initial
point (U_, Uy, s).

It is remarkable that expression (20) does not depend on the choice of the
point U P=u ts Py (the position of the plane P) in the definition of the function
H4(U_, Uy, s), just as in the case of Melnikov integrals for systems of planar
differential equations [2].

As amodel of a physical system, equation (1) typically depends on one or more
problem parameters. Under variations of these parameters, the functions G(U),
F(U), and D(U) undergo perturbations AG(U), AF(U), and AD(U). If these
perturbations are small, the manifold §; ; undergoes a small perturbation. The first-
order approximation of the perturbed manifold can be determined as follows (see
the proof in the Appendix).

Theorem 2. Let (U_, Uy, s) € S; j and consider perturbations AG(U), AF(U),
AD(U) of the system functions. Then the first-order approximation of the perturbed
manifold S; ; near the point (U_, Uy, 5) is given by the equations

AH = —AF4 + AF_ +5s(AG, — AG_), 1)

+
A — —/ WD, 'ADy Dy (Fu — F- — s(Gy — G_))d¢
—00
+oo
+/ WTD, (AFy — AF- —s(AGy — AGL))d¢,  (22)
—00

where AH and AH are given by expressions (19) and (20).

Theorems 1 and 2 determine all nearby S; ; shock waves, even when problem
parameters are changed, using the information on a particular shock and its vis-
cous profile. This method is useful for constructing solutions of conservation laws
possessing S; ; shocks, continuation procedures, and parametric analysis.

The characteristic shock waves §;” SJr and S . are studied in the same way.
In addition to equations (10) and (1 1) (17) condltlons should be imposed to ensure
that the shock speed is equal to the corresponding characteristic speed at one or
both sides of the shock. This adds one or two equations in Theorems 1 and 2 found
by linearizing the equations s = A(U_) and s = A(Uy).

5. Dual-family shocks in Riemann solutions

The basic initial-value problem for a system of conservation laws (2) is the
Riemann problem, given by piecewise constant initial data with a single jump at
x=0:Ux,0) = U forx < 0and U(x,0) = Ug for x > 0. The solution is
found in scale-invariant form U (x, t) = U (&), & = x/t, consisting of continuously
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changing waves (rarefaction waves), jump discontinuities (shock waves), and sep-
arating constant states. Classically, there are n families of rarefaction waves, one
for each characteristic speed, which we denote by R;,i = 1, ..., n. We require all
the shock waves to have a viscous profile, i.e. there can be S§; ;, S;j, S:“j, and Sl.ﬂf/.
shocks.

The structure of a Riemann solution is given by a sequence of waves wy appear-
ing with increasing value of &:

wi, W2, ..., Wy. 23)

Each wave wy € {R;, S; j, Sfj, S;rj, Siij} is a rarefaction or shock. The wave wy

has left and right states U)— and U )4+ and speeds &)— < &4 for a rarefaction

wave and sy = Ex)— = &)+ for a shock wave. The left state of the first wave
wi and the right state of the last wave w,, are the initial conditions of Riemann
problem: Uy— = U and Ugy)+ = Ug. The natural requirements in sequence
(23) are

Ui+ = Ugsn—»  Ew+ = Egr)—- (24)

Relations (24) imply that the right state of the wave wy coincides with the left state
of the wave wy1, and the right speed of wy is lower or equal to the left speed of
Wit1- If &y+ < E1)— then there is a separating constant state between wy and
wi+1. In this case we will use the notation wx — wy1. If )+ = §k+1)— then
the waves do not possess a separating constant state. This situation will be denoted
by wi | wit1.

A classical Riemann solution consists of n classical wave groups separated by
constant states; each classical wave group consists of adjoining rarefactions R;
and classical shocks S;; (simply S;) of the same family. The classical structure
R1 — Ry — 3 of a Riemann solution in a system of three conservation laws is
shown in Fig. 4(a) using characteristic lines in the space—time plane (shock waves
are presented by bold lines and rarefaction waves are given by thin line fans).

Conditions (24) imply that each pair of subsequent waves wy, w41 in a general
Riemann solution has one of the following types

(a)

t
R,

R,

v =

0
Fig. 4. Riemann solutions: (a) classical, (b) with 83 5 shock, (c) with S3 1 shock.
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{RjorS};} — (Riror S}, .}, j<i,
Ri | {S;; orsi} (25)
{S:“j orsfj} | Rj,

where S* i stands for ; ;, S; e Sl+ j»or SjE The most important structures of a
Riemann solution are the generic ones: they do not change under perturbations of
initial conditions Uy, Ug, flux function, and viscosity matrix. Generic structures
are “full” in the sense that no wave can be added to a sequence without violating
conditions (25). For example, the sequence R — S3 is not generic since it can be
extended to Ry — S, — S3. Only the shocks with i = j may appear in generic
structures. Generically, over-compressive shocks (i < j) bifurcate into a set of
waves under perturbations with arbitrarily small amplitudes. Let us assume that
all the states of a Riemann solution belong to the region of strict hyperbolicity,
where all the characteristic speeds are distinct; viscous profiles of shock waves are
not restricted to this region, i.e. they may cross elliptic regions in state space. We
can then describe generic structures of a Riemann solution (for the case of two
conservation laws a similar theorem was proved in [11].

Theorem 3. Let (23) be the generic structure of a Riemann solution. Then w; €
{Ry, S, Sr}, Wy € {Ry, Sp, S, ), and each pair wi, wi41 has one of the types

{Rj orS,-j}—{R-/ OVS,'/]'/}, i/=j+1, 12], i/zj/,
| {8 or Sl i 2 (26)
{SiTjOI’SI-’j} | Rj, i2]j.
As an example, we list two generic nonclassical Riemann solution structures:

Ri— $2— R3| 83, — Rs, 27)

Ry — S — 831 — S — Rs. (28)

A distinctive feature of structures (27) and (28) is that the classical waves R3 and
S, appear twice. Riemann solutions with these structures are shown in Fig. 4(b, ¢).

We see that Riemann solutions with dual-family shock waves violate the cus-
tomary classical structure of sequences of n classical wave groups separated by
constant states with increasing family number from left to right. The shocks with
i > j + 1 introduce a “jump back” capability in this sequence allowing classical
waves of (j +1), ..., (i —1)-th characteristic families to appear repeatedly. More-
over, from a theoretical point of view, there is no general bound on the number of
separated classical waves or of nonclassical shock waves in a Riemann solution
for systems of n > 2 conservation laws. The existence of several separated waves
corresponding to the same characteristic family is a property of Riemann solutions
that was observed only in [8].

We remark that the generic structures of Riemann solutions described above do
not include transitional rarefaction waves, see [4]. These waves are related to char-
acteristic speeds given by multiple eigenvalues. Therefore, transitional rarefactions
do not appear in strictly hyperbolic systems.
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6. Dual-family shocks in multi-phase flows in porous media

Letus consider one-dimensional horizontal flow of n+ 1 immiscible fluid phases
in a porous medium. The fluids can be, for instance, a mixture of gas or CO,, water,
light oil, and heavy (viscous) oil. We assume that the whole pore space is occupied
by the fluids; compressibility, thermal and gravitational effects are neglected. The
equations expressing conservation of mass of the i-th phase based on Darcy’s law
of force are (see e.g. [1])

9 9 0 apij .
T s+ 0f) = | KLY =1.....n+1, @
at(¢sz)+ax(vfz) ox l; j#i.fj o | soeon+ 1, (29

where the constants ¢ and K denote the porosity and absolute permeability of the
porous medium, and v is the total seepage velocity of the fluid. For phase i, s; is the
saturation, f; is the fractional flow function, and /; is the relative mobility, which
can be chosen as the quadratic Corey model (see [1]):

l; sl.2
fi=—, Li=—, =L+ -+, (30)
l Hi
where ; is the viscosity of phase i; for simplicity, all irreducible phase saturations
were set to zero. The capillarity pressures p;; = p; — p; between the phases i and
J are measured experimentally as functions of the saturations; here p; and p; are
the pressures in phases i and j.
Since the fluids occupy the whole available space, the saturations satisfy

S1+ S+ S =1L 3D

Similarly, f1 +---+ fu + fu+1 = 1. As a consequence, any n saturations describe
the state of the fluid. Hence, one of the n + 1 equations in system (29) is redundant,
and the latter can be reduced to an n equation system in n saturations.

As the total seepage velocity v is given by boundary conditions, we assume
that it is a positive constant and we set t = (¢L/v)f and x = LX, where L is
the characteristic length of the system. Dividing both sides by v/L, this change
of variables removes v and ¢ from left-hand side of system (29). For simplicity
of notation, we drop the tildes below. Finally, choosing any » saturations as state
variables (e.g. U; = s;,i = 1,..., n), we arrive at the dimensionless system

oU n oF(U) 0 ( oUu

o ~(pw)= = T 2
oy o . (U)8x>, U=U,...,U, (32)

The components of the vector F(U) = (Fy, ..., F)T represent the fractional flow
functions

l.
F,~(U)=7’, LU = U i, LU =11 + -+ by + Log, (33)

where

Uppr=1-Ur—--- = Uy, (34)
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is the saturation of the remaining (n + 1)-th phase, and ¢ = K/ L?, D(U) is the
dimensionless viscosity matrix with components d;; = (L/v)l; Zk# fk‘y’Ti;f. The
dimensionless parameter ¢ is small for large characteristic lengths L, so that many
aspects of the asymptotic behavior of solutions may be described by the system
of first-order conservation laws obtained by taking ¢ = 0. For simplicity, we will
use dimensionless viscosities fi; = w; /(1 + - -+ + pn + wn+1) in (33), so that,
dropping the tildes,

mi -t + a1 = L (35)

The physical domain for the state vector U is given by the inequalities
Ui+---+U, 1, U;20,i=1,...,n. (36)
This domain represents a simplex in state space with n + 1 vertices; each vertex

corresponds to single-phase fluid with U; =1 (i = 1,...,n + 1) (see Fig. 5).
From (33), the n x n Jacobian matrix d F/dU can be expressed in the form

oF 1 . dl dl,
— = - diag| —, ...,
oU l dU; du,

1 dly  dl dl, dl
oy, T (S o S S St ) (37)
dU;  dUpqi dU, dUy

We can check that all the eigenvalues of matrix (37) are strictly positive inside the
physical domain (36), i.e. flows with positive speed v have only positive character-
istic speeds.

Fig. 5. State space for four-phase flows. The system restricted to the shaded planes is reduced
to a lower dimensional one.
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There is a so-called umbilic point U™, at which

dl dl dl
a2 S Sl (38)
dUl d U d Un 1

This is the resonance state, where 0 F'/dU is a multiple of the identity matrix and,

thus, all the characteristic speeds (eigenvalues) A merge to the same value } ;ll]

There are n + 1 umbilic points at the boundary of the physical domain, which are
the vertices of the simplex (36). At each vertex, all the characteristic speeds merge
to the value zero.

We can check that for the flux functions (33) there is a unique umbilic point
U — (g, ..., wn)’, Ups1 = pnr in the interior of physical domain (36),
at which all the characteristic speeds equal 2. The umbilic point U"™ exists and
is unique for the more general case when the relative mobilities /; (U;) are arbi-
trary functions of the corresponding phase saturations U; with positive first and

second derivatives, such that [1(0) = --- = [,4+1(0) = 0 and dl,/dU;(0) =

- = dly4+1/dU,41(0) = 0. Indeed, the vector (/1,...,I,) has positive com-
ponents inside the physical domain. Hence, the matrix (37) is a multiple of the
identity matrix if and only if the vector (j(l]‘l — dd[ljnp:l e, 51[1;," — ;{,’:;11) =0,
which yields equations (38). Since dl; /dU; are strictly increasing functions of U;
vanishing at U; = 0, the equations d/1 /dU; = --- = dl,/dU,, = o have a unique
solution for @ > 0, and U; (), ..., U, (@) are increasing functions of «. The func-
tion dl,4+1/dU,+1, where Uy, y1(o) = 1 — Ui(a) — --- — Uy (), is a decreasing

function of «. Additionally, we have dl,,y1/dU,+1 > O ata = 0 (Uy41 = 1),
and dl,+1/dU,+1 = 0 at @ = a™ > 0, where the value of o™ is given by the
equation U, .1 () = 0. Hence, there exists a unique o™ solving the equation
dlyy1/dUyy1 = a such that 0 < "™ < o*. This yields a unique umbilic point
U™ — (U (@"™®), ..., U,(@"™))T, which lies inside the physical region.

In order to study dual-family shock waves, we artificially take the identity vis-
cosity matrix D(U) = I. Our main motivation here is to show analytically the
existence of all types of S; ; shock waves with —n < i — j < n in the system. This
existence provides the evidence that any S; ; shock may appear in the system with
a realistic viscosity matrix D(U).

6.1. Reduced dimension systems

By setting one of the U; = 0 in equation (32), we obtain a reduced system
describing n instead of n 4 1 phase flows. This system “lives” on the face of the
simplex; see Fig. 5, where the lightly shaded face I corresponds to Us = 0. Of
course, all the results of this section hold for the reduced system. This reduction
can be done iteratively until we reach a scalar partial differential equation describ-
ing two-phase flow. This system is restricted to one of the edges of the simplex.
Note that this reduction is valid for any physical viscosity matrix D(U).

There are other subsystems of (32) with dimension n — 1. Let us consider the
simplex of co-dimension 1:

T
— M1
U= (Mlﬂ/-z P M1+M2 P U3""’U") ’ 39)
p+Us+---4+U, 20, p,U3....,U, 20
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For n = 3, this is the shaded plane II containing U"™ shown in Fig. 5. We can
check that the first two equations of system (32), (33) restricted to plane (39) are
equivalent (in this case we consider D(U) = ), and that the system possesses two
equal characteristic speeds

P

(m1 + p2)l

As aresult, system (32) is reduced to the n — 1 dimensional system with state vec-

tor (p, Us, ..., Un)T and viscosities 1 + @2, U3, ..., ty. This system describes

the flow of phases Us, ..., U, and the mixture of phases Uj, U3 in the proportion

Uy1/Uy = p1/p; that acts as a single phase. Analogous reductions can be done
taking any two saturations U; and U instead of U; and U5.

By repeating such a reduction several times, we can obtain systems of lower
dimensions. Each of these systems describes a multi-phase flow. Thus, all the results
of this section hold for any of the reduced systems. Note that the reduced systems
“live” on lower-dimensional simplices in the interior of physical state space (36).

Using reduction (39) n — 1 times, each time with two state variables, we arrive
at the system restricted to the line

(40)

T

1 I

U =<—,...,—"> Py KH=pi4 -+ (41)
I I

Up to multiplication by the constant w; /i, all n equations in system (32) are equiv-
alent to the scalar partial differential equation on the line (41):

dp  OF(p)  3%p
_ =&—F,
ot dx dx2

(42)

where

2 2
P P —=2up +
F(p)=—, lp)=—r—".

ul u(l =)

We can check that equation (42) coincides with the viscous profile equation
taken for a scalar conservation law describing two-phase flow, where U = U| = p,
Uy=1-p,u1=p,and pup =1 — .

According to (36), the physical interval for p is 0 < p < 1. The line (41)
contains the point U™ at p = u, as well as the vertex U = 0 at p = 0. At points
with0 < p < poru < p £ 1, there are n — 1 equal characteristic speeds

(43)

2p
Ap) = —. (44)
ul
There is a (n — 1) dimensional eigenspace of the matrix d F/9U corresponding to
the multiple eigenvalue A(p), which consists of the vectors 7 = (r1, ..., r,) such
that r1 + - - - + r, = 0. The remaining characteristic speed is equal to
- 2p(1 —p)
o) = 0 (45)
p(l — i
with corresponding eigenvector ¥ = (uq, ..., M,,)T, which is parallel to the line

41).
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6.2. Sy.1 dual-family shock waves

In this subsection, we seek for solutions of the viscous profile equation (3) that
have the form (41). Here p(¢) is a function of ¢ such that p+ = p(+o0) and
Ut = Up, . Along the line (41), all n equations in system (3) are equivalent to the
scalar ordinary differential equation

2 2

._ P o=
p=———=-—s(p—p-), l-=I(p-), (46)

ul ol
which is the viscous profile equation for two-phase flow described by (42). Since

the right-hand side of (46) vanishes at p = p,, we find the shock speed

_ Pt ot —2p-p4
u(l — )l

ol =1(ps). 47

Here expression (43) for /1 was used. We can show that the ordinary differen-
tial equation (46) has a solution p(¢) such that p(+00) = p4 provided that both
inequalities

(b4 — p) (P2 +2p_py —2p% py — ) > 0, 48)
(p+ — p)(P3 +2p_py —2p_p3 — ) > 0

hold. Conditions (48) are equivalent to the inequalities
5»4_ <5<, ii = X(pi), 49)

where 4 is the distinct characteristic speed (45).
Under conditions (7) and (49), we see that the shock wave with the viscous
profile U, is of type S, 1 if

Ao <8 <Ay, Ax=2A(p1), (50)

where A(p) is the characteristic speed (44) with multiplicity n — 1. With the use of
(43) and (47), conditions (50) reduce to

wp+ — pp— +2p—p+ (1 — py) > 0, 1)
wp+ — pp— —2p—p+ (. — p-) > 0.

Fig. 6 shows the region corresponding to the values (p—, p4) satisfying inequal-
ities (48) and (51) for 0 < 1 < 1. The constants p_ and o taken in this region
define left and right states and speeds of §,,,1 shocks by formulae (41) and (47).
We can see that S, | shock waves exist in the system for any p. If © = 1/2, these
shocks can be arbitrarily small, since the boundary of the region contains the point
p— = p+ = u corresponding to the umbilic point. If u < 1/2, the shock amplitude
|Uy+ — U_]|| is bounded away from zero. In all the cases we have p_ < u < p4,
which means that the viscous profile passes through the umbilic point.

Since the state variables Uy, ..., U, can be chosen as any n out of n + 1 satu-
rations sy, . . ., Sy+1, there are n other lines in state space similar to (41) containing
the left and right states of S, 1 shocks.
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Fig. 6. Values of (p—, p+) corresponding to S, | shocks for different .

Characteristic shocks of types S,: 1 S,': 1» and ij | can be found, respectively,
when the first, second, or both inequalities (48) become equalities. These equalities
correspond to s = )NL,, s = ):+, and s = A_ = )Lr, respectively, where Xi are
distinct characteristic speeds at different sides of the shock. It turns out that there

are no S;:" 1 and Sf,l shocks with viscous profile (41). Parameters p_ and p4 corre-

sponding to S, ; shocks belong to the darker front face of the boundary shown in
Fig. 6.

According to the results of Section 5, a total of n — 1 classical waves may be
present at both sides of S,, 1 shock in a Riemann solution. Thus, there are Riemann
solutions with S, 1 shocks for any initial conditions Uy, and Ug taken in certain
neighborhoods of the left and right shock states U_ and U,. An example of a
structure of Riemann solutions with S3 ; shocks was given in (28).

6.3. General S; j dual-family shocks

By reducing the system dimension, we can find other types of S; ; shocks. First,
let us consider the case when

U=--=U=0, (52)

i.e. only the phases U1, ..., Uy, U,41 are present. Thus, (32) reduces to the sys-
tem for (n — k + 1) phase flow. Assume that we found an §; ; shock with speed s in
the reduced system. In the full (n + 1) phase system, this corresponds to a shock for
which the first k components of the viscous profile are zero. Due to (52), there are
k zero characteristic speeds at both sides of the shock. Thus, such a shock will be
a Si vk, j+k shock for the full system. The shock speed s is always positive, which
follows from the positivity of characteristic speeds.

In the previous subsection, we found S, 1 shocks in a general (n + 1) phase sys-
tem. Hence, by using the described recursive relation, we find an S, x4 dual-family
shock for any O < k < n with the viscous profile
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T
Mk Mn
U(C)=<O,-~-,0, MH,---,?) p), w=ppyr1+-+up.  (53)

Here (g1, .-, ,un)T,o({)/u is the viscous profile of the S, 1 shock found for
the reduced (n — k + 1) phase system. These shocks lie on the boundary of the
physical domain (36), yet they determine certain points (U_, U, s) on the shock
surfaces Sy k+1. By using Theorem 1 in Section 4, we can find all nearby shock
waves of the same type. Some of them belong to the interior of the physical domain
(36) and, thus, they represent S, x+1 shocks intrinsic to (n 4 1) phase flow.

The second type of dimension reduction corresponds to the plane (39). As shown
above, in this plane the system reduces to a n — 1 dimensional system describing
n phase flows. There are two equal characteristic speeds (40) at each point of the
plane. Again, let us consider a S; ; shock with speed s in the reduced system. Then,
if A_ < s < Ay for double characteristic speeds A4, we get a S;;1,; shock in the
full (n + 1) phase system. If Ay < s < A_, this shock becomes a S; ;11 shock in
the full system. Finally, if s < A+ or s > A4, we obtain S; ; and S; 11 j+1 shocks,
respectively. This reduction can be used repeatedly. For example, S, 1 shocks pre-
viously described are obtained by using n — 1 repeated reductions.

The described approach allows us to find dual-family shocks S; ; for any 0 <
i — j < n.Note that by taking opposite signs in inequalities (49), (50) (equivalently
in (48), (51)), we obtain over-compressive shocks S ,,. With these shocks, by using
the dimension reduction approach, we can locate over-compressive S;, ; shocks for
any —n < i — j < 0. The same method can be used for finding particular viscous
profiles for these shocks (recall that over-compressive shocks possess an infinite
number of viscous profiles).

6.4. Sensitivity analysis and continuation method

Letus apply Theorems 1 and 2 for a S,, 1 shock with the viscous profile (41). For
this purpose, we fix some values of p_ and p4, which determine uniquely U_, U,

T
s, and the viscous profile U (¢) = (%, e, %) p(2). With the use of expression

(37), the matrix B(U(¢), s) defined in (5) takes the form

_ [ 200
BU©, )= (ul(p(;)) s) !

2(M—p(§))< p(¢)
w(d—p) \ul(p())

2
)(m,...,un)T(l,...,l). (54)

Then, the general solution W (¢) of the adjoint linear system (16) is found as

T
W) = (ﬂ, o ﬂ) n(@). (55)
K1 Mn
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where wy, ..., w, are arbitrary constants satisfying the condition wi +- - - +w, =
0, and the scalar function 7(¢) is determined by the equation
. 2p(%) > f oo
n=\s———=|n n(¢)d¢ = 1. (56)
( ul(p(£)) —o0

The latter equality in (56) is the normalization condition. The solution 7(¢) of (56)
exists due to relations (44) and (50). quing n — 1 linearly independent solutions
as columns of the n x (n — 1) matrix W (¢), we obtain

Vpr pr -+ 1/
—p2 0 -0

W) =Won), Wo=| 0 —Vw-- 0 | (57)
0 0 . —1/n,

Using matrix (57) in Theorem 1, we find the differentials

oF oF
AH=|— —sl AUy — | — —s1 AU_ — (Uy —U-)As,
U U=U, U U=U_
(58)
20— A
AHA — (L _ s) Wl AU (59)
wl_
From condition AH%4 = 0 with expression (59) it follows that AU_ =
T
(%, e ’j—:) Ap_. Then using (37) and (41) in (58), we can check that AU, =
m Hn

TR Ap+ and the expression for As coincides with the linearization of
(47). This shows that the approximation of S, | shock states and speeds obtained
by Theorem 1 agrees with the analytical results.

Now let us assume that the viscosity matrix D(U) = [ suffers a small variation
AD(U), while the functions G(U) = U and F(U) remain unchanged. Then the

change of states and speeds of S, 1 shocks can be found using Theorem 2 as

AH =0, (60)
+oo T [ 2 2
AHﬂddz_/ Wl n ADy (ﬂﬂ> p——p—‘—s(p—p—) ,
o W n ul ol
(61)

where ADy = AD(U(¢)). We can see that if AD(U) = y(U)I, where y(U) is a
scalar function, the right-hand side of (61) vanishes. Indeed, we can check analyt-
ically that the states and speeds of S, 1 shocks remain unchanged for the viscosity
matrix D(U) = y(U)I with an arbitrary positive function y (U) (the only change
is in equation (46) whose left-hand side becomes y (U,)p ).
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In general, the perturbation A D(U) of the viscosity matrix changes the param-
eters of S, 1 shocks. Since the change of left and right states and speeds can be
found using Theorem 2, we can use the continuation method to find S, 1 shocks in
a system with a particular nontrivial D(U). For this purpose, the matrix D(U) is
changed from I to the required value in a sequence of small steps; at each step the
viscous profile and the matrix W(; ) have to be recomputed and used in Theorem 2
for finding the approximation for the next step. A similar procedure can be applied
to all other types of S; ; shocks. We can expect to find §; ; shocks in the system,
at least for viscosity matrices D(U) close to y (U)I with some function y (U) and
for small perturbations of flux functions.

We note that the umbilic points give rise to elliptic regions in state space under
a general perturbation of the flux function F(U). This happens, for instance, in
Stone’s model for three-phase flow through porous media [15]. Generically, the
resonant points in a perturbed system, where all n characteristics merge, will have
a one-dimensional eigenspace (one eigenvector) unlike the umbilic point U™,
which has n eigenvectors. At the same time, all S; ; shocks persist in the system.
Hence S; ; shocks are not necessarily related to the existence of umbilic points.

6.5. Physical applications

In many physical applications of system (29), the goal is to study the possibility
of recovering one phase of the fluid (e.g. oil) on the right side by injecting different
fluid phases (e.g. water and steam) on the left. The variety of §; ; shocks that can
appear in the system has to be taken into account in the analysis of physical behavior
e.g. when predicting oil recovery in petroleum engineering practice.

By adopting the method of [7], we should be able to show stability of S; ; dual-
family shocks with i > j as solutions of equation (1), at least for shocks of small
amplitudes. We expect that this is also true in case of perturbed flux functions and
viscosity matrices.

7. Conclusion

We studied a general class of shock waves satisfying the viscous profile admissi-
bility criterion in general systems of n conservation laws. Roughly speaking, shock
waves are classified by comparing their speeds with characteristic speeds at oppo-
site sides of the wave. As a result, we are led to consider dual-family shocks S; ;
associated with characteristic families i and j at the left and right sides, respectively.
We develop a constructive method for analytical and numerical study of such shocks
and their perturbations under change of problem parameters. One remarkable fea-
ture of S; ; shocks withi > j is that their left and right states and speeds depend on
the viscosity matrix. The other is that these shocks dramatically enlarge the possible
structures of generic Riemann problem solutions. In Riemann solutions with such
shock waves, classical wave groups of the same characteristic family can appear
repeatedly from different sides of dual-family shocks, separated by constant states.
Thus, classical wave groups in solutions with dual-family shocks do not necessarily
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follow in increasing family number. As a wide variety of S; ; shocks is found in
systems describing multi-phase flows through porous media, there is a promising
perspective for analyzing and using these shocks in physical applications.

8. Appendix

8.1. Proof of Proposition 1
Let us define the linear spaces V_ and V. of solutions V (¢) € R” of the system
V=BUE),V, (62)

vanishing as { — —oo and { — 4-00, respectively. Similarly, we define the linear
spaces W_ and W, of solutions W (¢) € R” of the system

W=-B"U©Q).HW. (63)
vanishing as { — —oo and ¢ — 00, respectively. Since the matrix B(U, s)
has the eigenvalues u; (U, s), i = 1,...,n, and the matrix —BT (U, s) has the
eigenvalues —u; (U, s),i = 1, ..., n satisfying inequalities (6), we find dim V_ =

n—i+1,dmV; = j,dimW_ =i —1,and dim W, = n — j. The set W is the
intersection W = W_NW,.

Since systems (62) and (63) are adjoint, the linear space WW_ is the orthogonal
complement of V_ at each value of ¢. Indeed, let V(¢) € V_ and W(¢) € W_.
Integrating the product W7 (¢)B(U (¢), s)V (¢) in the interval —oo < ¢ < ¢*, we
obtain

c* e* .
/ WT(oB(U(;),s)V(;)d;:/ wl()v(¢)de

T {* C* T
=whovE) _Oo—/ WwT(o)V(¢)de
4-*
=WIgHVEH+[  WHOBWU (), s)V(§)de.
(64)

Here, the integration by parts, equations (62), (63), and the conditions V (—o0) =
W (—o0) = 0 were used. From (64), we obtain that

Wl VEeH =0 (65)

for any real ¢*.

Since the tangent space to the manifold M, (U_-) at U (¢) is given by the vectors
V(¢) € V_, the vector W(¢) € Wis orthogonal to M, (U_) at U (¢). Analogously,
we can prove that W (¢) is orthogonal to M (U4) at U (¢).

If the manifolds M, (U-) and M (U, ) intersect quasi-transversally, we have
dim(V- N V) = 1. Hence,

dimW = dim(W_ N Wy) =n —dim(V_ U Vy)
=n— (dmV_ +dimVy —dim(V_NV})) =i — j. (66)
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8.2. Proof of Theorems 1 and 2

Equations (19) and (21) are obtained by varying the Rankine—Hugoniot condi-
tions (10).

Let U (¢) be a viscous profile of a §; ; shock with states U+ and speed s. Let us
take perturbations of the left and right states U+ + AU and of the speed s + As.
These perturbations are assumed to satisfy the Rankine—Hugoniot conditions. Then
we can write the variational equation for system (3) as

: L (OF  0G »
AU = BU). )AU = D' (50 = s AU- — D' (Gy — G_)As.
(67)

The perturbed solution U (¢) + AU, (¢) lying in the perturbed unstable manifold
M, (U_ + AU_) satisfies the condition

AU, (—00) = AU_. (68)

Pre-multiplying (67) by the transpose of the function W(¢) € W and integrating
in the interval —oo < ¢ < ¢*, we find

& aF 3G
T (o *Y Trn-1(%2 Y
Wl (") AU, (") = (/_OOW Dy, (au S8U>U=U_d§) AU_
é-*
— (/ W'D, (Gy - G_)d;) As. (69)

Here, we used integration by parts with equations (63), (68) and the condition
W (—o00) = 0. Analogously, for the perturbed solution U (¢) + AU (¢) lying in the
stable manifold M (Uy + AU,), i.e. AUg(+00) = AU, we obtain

T <8F 8G>
w — —s—

+o00
+ ( wTD, Gy - G_)d§> As. (70
é’*

W(EHAU (") = ( dg) AU_

¢

Subtracting (69) from (70), we get

W eHWUE —UP)y = W (e (AU (&%) — AULEY)

rpt (3F _ 3G
(/ wip; <8U ﬁ>U=U_ d;) AU_
+ < 5 (Gy - G_)d§> As. 71)

Using expression (71) in (17), we obtain formula (20).
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Finally, formula (22) is derived in the same way from equation (67), where the

term

—-D;'ADy D, (Fy — F- — s(Gy — G.))
+D,' (AFy — AF- — s(AGy — AG-))

resulting from variations of the system functions is added to the right-hand side.
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