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One hundred years ago, A. Stephenson [1, 2]
showed that the upper statically unstable equilibrium
position for the one-, two-, and three-link pendula can
be stabilized with the help of a reasonably high-fre-
quency vibration of the suspension point. Among many
other investigations devoted to the stabilization of stat-
ically unstable systems using vibration, we note [3–10].
All these works are devoted to high-frequency stabili-
zation. In this study, we investigate the possibility of
stabilization of statically unstable systems by an arbi-
trary-frequency vibration. We consider finite-dimen-
sional weakly unstable, i.e., close to critical, systems.
The condition of vibrational stabilization with an arbi-
trary (nonresonant) excitation frequency is obtained. As
a special case, we investigate the high-frequency exci-
tation. In examples of systems with one and two
degrees of freedom, we show that vibrational stabiliza-
tion is possible in the entire frequency range—at low,
medium, and high excitation frequencies.
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order Jordan block. The corresponding right-hand and
left-hand eigenvectors and associated vectors are deter-
mined by the equations and orthonormalization condi-
tions

 

(8)

 

and have the form

 

(9)

 

The fundamental matrix 

 

X

 

(

 

t

 

)

 

 of system (7) satisfies

the differential equation 

 

 = 

 

AX

 

 with the initial condi-
tion 

 

X

 

(0) = 

 

I

 

. The monodromy matrix is determined as

 

F

 

 = X(1). Its eigenvalues ρ are called multiplicators.
The multiplicators of system (1) have symmetry: if ρ is
a multiplicator, 1/ρ is also a multiplicator. The system
is stable only in the case when all multiplicators lie on
a unit circle |ρ| = 1 and form no Jordan blocks.

For δ = p – p0 = 0, the system is autonomous. Hence,
X0(t) = exp(tA0) and F0 = exp(A0), and the multiplica-
tors ρ = exp(±iωk), k = 1, 2, …, n. It is easy to under-
stand that the double multiplicator ρ = 1 of the matrix
F0 forms the Jordan block with the same eigenvectors
and associated vectors (9) for k = 1. It is assumed below
that other multiplicators ρ = exp(±iωk), k = 2, 3, …, n
are simple and complex; i.e., the system is out of reso-
nance. This means that

(10)

for arbitrary positive integers k, k', and j. For an arbi-

trary period T = , this condition takes the form Ω ≠

. For small perturbations of parameters p and

δ, the simple multiplicators remain on the unit circle
|ρ| = 1. Hence, for the analysis of stability in the vicin-
ity of p = p0, δ = 0, it is necessary to investigate the
bifurcation of the double multiplicator ρ = 1 under a
change of parameters.

We note that the analysis of stability in the resonant
cases of ωk ± ωk' ≈ 2πj with k, k' > 1 can be carried out
using the methods of the theory of parametrical reso-
nance [11]. The resonances at k' = 1 (so that ωk ≈ 2πj)
are degenerate: at the resonance point, the multiplicity
of the multiplicator ρ = 1 increases to 4. These cases
require special study.
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The bifurcation of the double multiplicator is
described by the asymptotic formula [11]

(11)

where the derivatives of the monodromy matrix at p =
p0, δ = 0, are equal to

(12)

Using Eqs. (7)–(9) and (12) in Eq. (11), we find that

(13)

The equality |ρ| = 1 taking into account Eqs. (11), (13)
gives the first-order stability condition

(14)

Below we consider the case  = 0. Then we have
p < p0 in the first approximation (we recall that

C1w1 < 0) from Eq. (14). Thus, the stabilization
effect is described by the second-order approximation.
In the general case, the stabilization condition has the
form

(15)

with an unknown coefficient a. The critical value p (the
stability limit) is

(16)

We consider the perturbation along the stability
boundary

Because ∆p ~ δ2 and gδ = 0, the square root in Eq. (11)
is proportional to δ and, hence, exceeds the accuracy of
the approximation o(δ1/2). In this degenerate case, the
asymptotic expression for ρ begins with the first order
term with respect to δ [11]
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(18)

Using Eqs. (7)–(9) and (12) in Eq. (18), we find α1 =

w0 = 0 due to  = 0. Then µ = ± . The sta-
bility condition |ρ| = 1 with expansion (17) gives α2 >
0; the equation α2 = 0 is critical (it gives the stability
boundary). According to Eqs. (11), (13), and (16), the

last term for α2 in Eq. (18) is C1w1 . Using Eq. (18)

in the condition α2 = 0, we determine the constant

(19)

Expression (16) with the coefficient a found in
Eq. (19) gives the critical load of the system under
parametrically excited. Let the value of parameter p be
fixed, and p > p0 (the system is statically unstable). The
stabilization of the parametrical-excitation system is
possible only for a > 0. Then, the system is stabilized
according to Eq. (15) at the excitation amplitude δ >

.

2. For the applications, it is useful to express the
coefficient a in Eq. (19) through the frequencies ωk and
the modes wk of the conservative system (2), (3). It is
possible to show that this coefficient is represented as
the integral

(20)

where the real scalar values Bk(t) = B(t)wk describe
the interaction between modes. For the systems with an
arbitrary period T, the backward substitution of values
(4) into Eq. (20) results in the integral

(21)
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Relation (21) determines the change in critical load
(16) in terms of the frequencies and modes of the initial
unperturbed system.

In the particular case of the harmonic excitation
B(t) = B0cosΩt, integration in Eq. (21) gives

(22)

According to Eq. (6), we have C1w1 < 0. Hence, in
the case of harmonic excitation, the eigenmodes with
the frequencies ωk < Ω give positive terms in the
expression for the coefficient a (the stabilizing effect),
while the modes with the frequencies ωk > Ω give the
negative terms (the destabilizing effect). The term cor-
responding to the critical mode ω1 = 0 is always posi-
tive (the stabilization).

3. We investigate the effect of a small dissipation for
the system of the type

(23)

where D is the real symmetric positively definite matrix
of the dimension n × n, and γ > 0 is the small dissipation
parameter.

The critical parameter pcr(δ, γ) can be expanded in a
series of powers of δ and γ. If there is no parametrical
excitation δ = 0, the dissipative forces have no effect on
the critical value of the parameter p [12]. Hence,
pcr(0, γ) ≡ p0; i.e., there are no terms of the type γk,
k = 1, 2,…, in the expansion of pcr(δ, γ). Investigating
system (23) for the fixed dissipation parameter γ > 0 by
the method of the perturbation theory (similar to the
case of γ = 0), it is possible to show that, in the expan-
sion of pcr(δ, γ), there are also no terms of the type γkδ.

Thus, the effect of small dissipative forces is
reduced mainly to changing the coefficient a in the rela-
tion for critical load (16)

(24)

where a(0) is given by Eq. (21). It can be seen that the
effect of dissipative forces is usually very weak. If the
excitation matrix is reversible in time, i.e., B(t) = B(t0 – t)
for certain t0, system (23) is invariant with respect to the
transformation t → t0 – t and γ → –γ. Hence, the odd
powers of γ altering the sign under this transformation
cannot appear in the expansion of pcr(δ, γ). In this case,
the first order correction when taking into account the
dissipation has the order of γ2δ2.

4. Consider the high-frequency excitation case when
the frequency Ω considerably exceeds all eigenfre-
quencies ω2, …, ωn of the system. Then ωkT � 1 so that
it is possible to expand the exponential functions in
Eq. (21) in terms of powers of small values ωkT and
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ωk(t – τ). As a result of a number of transformations, we
obtain

(25)

This formula is the high-frequency asymptotic form of
Eq. (21). Because the integral in Eq. (25) has the order
of T 4, a ~ T 2 ~ Ω–2.

We present the matrix B(t) as the Fourier expansion

(26)

(there is no constant term due to  = 0). Substituting
Eq. (26) into Eq. (25) and carrying out integration and
summation over k, we can reduce this expression to the
form

(27)

Formula (27) expresses the coefficient a in the high-fre-
quency limit through the coefficients of the Fourier
coefficients of the matrix B(t). We note that Eq. (27) can
be obtained also by the averaging method.

In the particular case of B(t) = B0cosΩt, Eq. (27)
becomes

(28)

This expression can be presented also as the series

(29)

which agrees with Eq. (22) for the high excitation fre-
quency Ω.

5. As the first example, we consider the system with
one degree of freedom for which Eq. (1) is the Hill
equation
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where b(t) is a periodic function with the period T and
a zero average value. Then from Eqs. (15) and (21), we
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obtain the stabilization region in the first approximation
as
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For T = 2π, this formula coincides with that obtained
previously in [10]. If b(t) = cost, a = 1, which is well-
known.

As the second example, we consider the inverted
double pendulum consisting of two concentrated
masses m1 and m2 connected by rigid massless rods of
identical length l and rigidity c in the gravity field
(Fig. 1). The Lagrange function L = K – V of the system
is determined by the expressions

(32)

where g is the acceleration of gravity. We consider the
periodic excitation of the base z = acosΩt. Then,
according to the d’Alembert principle, it is necessary to
substitute g +  instead of g. The equations of motion
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Fig. 1. Inverted pendulum with the periodic excitation of the
base.
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of the system are found with the help of the Lagrange
function and linearized in the vicinity of the vertical
position θ1 = θ2 = 0.

We introduce the dimensionless time and parame-
ters

(33)

where Ω* = . In the dimensionless variables, the lin-

earized equations of motion of the system take the form
of Eq. (1) with B(t) = B0cosΩt and the matrices

(34)

Here and below, we omitted tildes. The negative param-
eter p is introduced, in order to determine the instability
condition as p > p0. Taking into account the forces of
viscous friction in the hinges determined by the dissi-

pative function F =  + , we come to sys-

tem (23) with the dimensionless dissipation parameter

 =  and the matrix

(35)

In the case of δ = 0, the system is stable if and only
if the matrix C is positively definite. This condition
leads to the inequality

(36)

For p = p0, we find the frequencies and the correspond-
ing modes from Eqs. (3) and (34) as
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orthonormalization conditions (3).
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 is found from Eq. (22) in the form
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.
Inequality (40) is the stabilization condition of the

first mode, which is unstable if there is no excitation
(

 

δ

 

 = 0). Hence, condition (40) is the necessary stabili-
zation condition determining the lower limit of the sta-
bilization amplitude. The instability can be also associ-
ated with the second mode due to the resonances giving
the upper limit of the stabilization amplitude.

For 
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by introducing the damping term 

 
γ

 

D

 
 in Eq. (23) for the
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the most important region of instability. In the first
approximation, this region is determined by the ine-
quality [11]
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corresponds to the special case of
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plicity 4 and requires special investigation.
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We consider two particular values of η. For η = 1
(the equality of masses m1 = m2) p0 = –3.414, ω2 =
4.040, and the coefficients a1 = 2 and a2 = 0. Then sta-
bilization condition (40) is simplified:

(42)

It is the degenerate case because the effect of the second
mode disappears and the condition of the high-fre-
quency stabilization becomes applicable over the whole
range of excitation frequencies.

In Fig. 2, we show the stability diagram obtained
numerically for η = 1, ∆p = 0.5, and the damping coef-
ficient γ = 0.01 by the Floquet method (the calculation
of the system multiplicators and the check of the
asymptotic-stability condition |ρ| < 1). The stability
(stabilization) region is painted over with gray. The
lower boundary (42) of the stability region, which was
obtained analytically, agrees perfectly with the numer-
ical results of calculation of the boundary. In Fig. 2, the
resonances can be seen at Ω ≈ ω2 and 2ω2. Basic-reso-
nance region (41) is shown by a bold V-shaped line; cer-
tainly, this approximation is inexact at large ampli-
tudes.

Putting η = 10, we find p0 = –26.91, ω2 = 10.74, and
condition (40) becomes

(43)

For high frequencies of excitation Ω � ω2, this condi-
tion is reduced to the following:

(44)

In Fig. 3, we show the stability diagram found
numerically for η = 10, ∆p = 0.1 and γ = 0.01 by the Flo-
quet method. Lower stability-region boundary (43) is
shown by solid lines. This theoretical result agrees per-
fectly with the numerical calculations. High-frequency
asymptotic behavior (44) is shown by the dashed line.
For the frequencies Ω � 20, the boundaries determined
by Eqs. (43) and (44) are very close.

The upper boundary of the stability (stabilization)
region corresponds to the resonances when the second
mode becomes unstable. In Fig. 3, the resonant regions

can be seen for Ω ≈ , k = 1, 2, and 4. The approxi-

mation of basic-resonance region (41) is shown by the
solid V-shaped line. The upper boundary depends on
the small parameter ∆p only weakly. In Fig. 3, we show
the case of a reasonably small value of ∆p = 0.1. With
increasing ∆p, the lower boundary of the stability
region grows, and the medium stabilization region dis-
appears entirely approximately at ∆p ~ 10, while the
low-frequency stabilization region is shifted to higher
amplitudes δ and becomes thinner because of reso-
nances. This fact is demonstrated in Fig. 4 correspond-
ing to the case ∆p = 2.

δ2Ω2 ∆p.>

14.34 22.30Ω2

Ω2 10.742–
----------------------------+⎝ ⎠

⎛ ⎞ δ2Ω2

2
------------ ∆p.>

18.32δ2Ω2 ∆p.>

2ω2

k
---------

Thus, it is shown that the stabilization by a periodic
excitation outside of the resonance regions is possible
over the entire frequency range—at low, medium, and
high excitation frequencies.
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Fig. 2. Stability diagram for η = 1 and ∆p = 0.5.
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Fig. 3. Stability diagram for η = 10 and ∆p = 0.1.
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Fig. 4. Stability diagram for η = 10 and ∆p = 2.
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