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Abstract Volatile oil recovery by means of air injection is studied as a method to improve
recovery from low permeable reservoirs. We consider the case in which the oil is directly
combusted into small products, for which we use the term medium temperature oil combus-
tion. The two-phase model considers evaporation, condensation and reaction with oxygen.
In the absence of thermal, molecular and capillary diffusion, the relevant transport equa-
tions can be solved analytically. The solution consists of three waves, i.e., a thermal wave, a
medium temperature oxidation (MTO) wave and a saturation wave separated by constant state
regions. A striking feature is that evaporation occurs upstream of the combustion reaction in
the MTO wave. The purpose of this paper is to show the effect of diffusion mechanisms on the
MTO process. We used a finite element package (COMSOL) to obtain a numerical solution;
the package uses fifth-order Lagrangian base functions, combined with a central difference
scheme. This makes it possible to model situations at realistic diffusion coefficients. The
qualitative behavior of the numerical solution is similar to the analytical solution. Molec-
ular diffusion lowers the temperature of the MTO wave, but creates a small peak near the
vaporization region. The effect of thermal diffusion smoothes the thermal wave and widens
the MTO region. Capillary diffusion increases the temperature in the upstream part of the
MTO region and decreases the efficiency of oil recovery. At increasing capillary diffusion the
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192 N. Khoshnevis Gargar et al.

recovery by gas displacement gradually becomes higher, leaving less oil to be recovered by
combustion. Consequently, the analytical solution with no diffusion and numerical solutions
at a high capillary diffusion coefficient become different. Therefore high numerical diffusion,
significant in numerical simulations especially in coarse gridded simulations, may conceal
the importance of combustion in recovering oil.

Keywords Air Injection · Medium temperature oxidation · Diffusive effects · Light oil
recovery · In-situ combustion

List of Symbols

Ar MTO reaction pre-exponential factor (1/s)
cl, cg Heat capacity of liquid and gas (J/mol K)
Cm Heat capacity of porous matrix (J/m3 K)
Dg Gas-diffusion coefficient (m2/s)
fl Fractional flow function for liquid phase
J Leverett J -function
k Rock permeability (m2)
kl, kg Liquid and gas phase permeabilities (m2)
n MTO Reaction order with respect to oxygen
Pg Gas pressure (Pa)
Pl Liquid pressure (Pa)
Qr MTO reaction enthalpy per mole of oxygen at reservoir temperature (J/mol)
Qv Liquid fuel vaporization heat at reservoir temperature (J/mol)
R Ideal gas constant (J/(mol K)
sl, sg Saturations of liquid and gas phases
t Time (s)
T Temperature (K)
T b Boiling temperature of liquid at elevated pressure (K)
T ini Reservoir temperature (K)
T ac MTO activation temperature (K)
ul, ug, u Liquid, gas and total Darcy velocities (m/s)
ugj Darcy velocity of component j = h, o, r in gas phase (m/s)

uinj
g Injection Darcy velocity of gas (m/s)

Wv, Wr Vaporization rate, and MTO reaction rate (mol/m3 s)
x Spatial coordinate (m)
Yh, Yo, Yr Gas molar fractions: hydrocarbons, oxygen, remaining components (mol/mol)
Y inj

o Oxygen fraction in injected gas
ϕ porosity
κl Phase transfer parameter
λ Thermal conductivity of porous medium (W/m K)
μl, μg Viscosity of liquid and gas (Pa s)
νl, νg Stoichiometric coefficients in the MTO reaction
ρl, ρg Molar densities of liquid and gas (mol/m3)
σ Liquid oil surface tension (N/m)
θ Liquid oil/rock contact angle
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1 Introduction

Reactive transport in porous media is important for a variety of processes that cover the
range from small-scale reaction-diffusion problems in catalyst pellets to large-scale transport
problems in geologic reservoirs; one example is in-situ combustion (ISC), also referred to as
fire flood. In view of the decline of easy oil and the difficulties encountered in the production
of heavy oil, ISC and high pressure air injection (HPAI) are considered as effective ways to
enhance the recovery of oil. In these cases the oxygen in the injected air reacts with the heavier
components of the oil, generating a hot zone in which cracking and vaporization of lighter
components occur. Air injection has the advantage of air availability at any location (Schulte
2005); however, energy costs of air compression, necessary for injection, are not negligible
(Eftekhari et al. 2012). Oil combustion is generally not only considered as a technique that
is applicable for heavy oils because of the conspicuous reduction in oil viscosity due to the
generated heat, but it also promotes production through thermal expansion, distillation, and
gas drive caused by combustion gases. The air injection process is often referred to as high
pressure air injection when it is applied to deep light oil reservoirs, whereas the term in-situ
combustion has been traditionally used for heavy oil reservoirs. The mechanism actually
responsible for oil displacement in ISC varies with the type of oil. For light oil, evaporation
and condensation are just as important as the oxidation reaction (Mailybaev et al. 2013). As
opposed to heavy oil combustion, light oil combustion occurs usually at lower temperatures
because the oil is only partially oxidized. When evaporation is small and locally all of the
light oil is oxidized, relatively high temperatures can still occur. Thermal and mass diffusion
as well as capillary forces lead to diffusive processes and are important when steep changes
occur in the dependent variables in the wave profile. It is the purpose of this work to determine
the effects of capillary pressure diffusion, longitudinal heat conduction, and mass diffusion
on the combustion recovery process.

Combustion for low and medium viscosity oil (Abou-Kassem et al. 1986; Akin et al.
2000; Bruining et al. 2009; Castanier and Brigham 1997, 2003; Kok and Karacan 2000;
Lin et al. 1987, 1984; Xu et al. 2004) is described by different mechanisms. For light oil
combustion, coke formation is usually disregarded, although it can occur (Khoshnevis Gargar
et al. 2010). At lower temperatures, the crude oil undergoes the oxidation reaction without
generating carbon mono- and dioxide. As the temperature rises, distillation coupled with
pyrolysis produces hydrogen gas and some light hydrocarbons in the gas phase. A major
part of these hydrocarbons are produced without undergoing oxidation (Fassihi et al. 1984).
However, oxygen reacts with the remainder of these hydrocarbons and therefore medium
temperature oxidation occurs. Further increase of temperature leads first to deposition and
then to combustion of coke.

In summary we have high temperature oxidation (HTO) when heat conducted out of the
reaction zone converts the oil to coke before it is combusted, low temperature oxidation
(LTO) when the oxygen is incorporated in the hydrocarbon molecules to form alcohols,
aldehydes, acids, or other oxygenated hydrocarbons (Greaves et al. 2000a, b; Hardy et al.
1972), and medium temperature oxidation (MTO) (Greaves et al. 2000b; Gutierrez et al. 2009;
Germain and Geyelin 1997) when the oxidation reaction leads to scission of the molecules
and formation of small reaction products such as water, CO, or CO2. The focus of this paper
is on MTO.

ISC is a complex process that involves the interaction of many physical phenomena that
occur at different time and space scales. Indeed, one of the reasons for difficulty in simulating
ISC is the disparity in time and space scales at which the dominant mechanisms occur. For
instance, the time and space scales associated with advection or heat conduction are much
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larger than the scales at which chemical reactions happen in the reservoir, which in turn
are considered larger than the scales associated with the transfer of components between
phases (Gerritsen et al. 2004). Only at fine temporal and spatial grid step sizes, the impact of
numerical errors may be sufficiently reduced to give reasonable predictions of combustion,
saturation, and heat wave speed. To establish this unambiguously, it is important to compare
numerical computations with results from models that allow analytical solutions (Whitham
1967, 2011).

There are many papers presenting the results of numerical simulation of combustion tube
experiments. These papers deal with the kinetics of the reactions for light and heavy oil (Lin
et al. 1984) and focus less on the evaporation and condensation mechanisms. In most of these
papers, the thermal, mass diffusion, and capillary forces are disregarded. However, in some
works thermal diffusion is included (Adagülü and Akkutlu 2007). In the continuity equations
for the components, molecular diffusion has not been explicitly considered (Belgrave and
Moore 1992) in view of the dominating effect of numerical diffusion introduced by the
finite-difference approximations (Von Rosenberg 1969; Peaceman 1977).

The mathematical theory of combustion in porous media is well developed for immobile
fuels, e.g., Bayliss and Matkowsky (1994); Bruining et al. (2009); Matkowsky and Sivashin-
sky (1978); Schult et al. (1996); Wahle et al. (2003); Mailybaev et al. (2011). When the
fuel is a mobile liquid and, additionally, undergoes gas-liquid phase transitions, the problem
becomes more complicated. It was shown in Mailybaev et al. (2011) that, in the case of
liquid fuel, the combustion wave has a resonant structure similar to that encountered earlier
in detonation problems, see Fickett and Davis (2011); Kulikovskii and Pashchenko (2005);
Sharpe and Falle (2000); Wood and Salsburg (1960). In this case at some point in the internal
structure of the wave (resonant point), the Buckley–Leverett characteristic speed is equal
to the combustion wave velocity. In this resonant case, analysis of the internal wave struc-
ture (i.e., the reaction zone) is necessary in order to obtain macroscopic parameters of the
wave. However, the determining equations appear to be independent of the particular form
of the evaporation and reaction rate expressions, as vaporization is usually much faster than
combustion.

In this paper we consider exclusively modeling and simulation of the MTO combustion
process. We examine a simplified model for light oil recovery by air injection in the absence
of water, but including mass-, thermal-, and capillary diffusion for air injection in light
oil reservoirs, leading to medium temperature oxidation. This is an extension of the model
suggested in Mailybaev et al. (2013), which is given by a system of multi-phase flow balance
equations with source terms describing reaction and vaporization rates, and an energy balance
equation. Despite the fact that water is important in thermal processes, sometimes increasing
the oil production (Dietz and Weijdema 1968),we are not yet considering in the current work
water that may be present initially or that condenses from steam originating from the reaction.
We consider only a one-component oil, e.g., heptane in dry porous rock, to improve the
understanding of the oxidation/evaporation/condensation mechanisms and include diffusive
processes to allow comparison to the non-diffusive process, which can be solved analytically
(Mailybaev et al. 2013). Heptane represents a single pseudo-component as liquid fuel, which
is characterized by an average boiling temperature, density, and viscosity. It turns out that
the oxidation, evaporation, and condensation often occur at locations close to each other that
move with the same speed in the porous medium (Mailybaev et al. 2013). The temperature
variation is bounded by the oil boiling temperature and thus not very large. The presence
of liquid fuel, which is mobile and can vaporize or condense, is a challenge for modeling
the combustion process. We consider only the one-dimensional problem, expecting that its
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solution contributes to understanding of the MTO processes (Greaves et al. 2000b; Germain
and Geyelin 1997; Gutierrez et al. 2009) that occur in practice.

The paper is organized as follows. The model is introduced in Sect. 2. Section 3 describes
the analytical solution for the non-diffusive model. Section 4 presents the numerical results
for thermal, capillary, and mass diffusive processes. We end with some conclusions.

2 Model

We study a two-phase flow problem involving a combustion front when air is injected into
porous rock filled with light oil. The temperature of the medium is bounded by the boiling
point of the liquid and, thus, remains relatively low. There are numerous references indicating
that gas-phase reactions in porous media in itself are important (Bakry et al. 2011; Pereira
et al. 2009; Sanmiguel et al. 2002; Zheng et al. 2010). Gas-phase reactions can be important
for HPAI (Barzin et al. 2010). We disregard gas-phase reactions, because there are also many
references that indicate that gas-phase reactions in in-situ combustion play a minor role
(Barzin et al. 2010) with respect to the reactions with liquid or solid fuel. In summary, it is
still a matter of debate whether gas-phase reactions play a significant role in porous media
as annihilation of free radicals at the pore walls will drastically reduce the reaction rates
(Bamford 1977; Helfferich 2004; Levenspiel 1999; Schott 1960; Fisher et al. 2000).

When oxygen reacts with liquid hydrocarbons at low temperatures, a series of reactions
may occur that convert hydrocarbons into oxygenated hydrocarbons (ketones, alcohols, alde-
hydes, and acids). Further oxidation leads eventually to complete combustion of the oxy-
genated hydrocarbons (Fisher et al. 2000); in this paper, the combined reaction to oxygenated
hydrocarbons and the subsequent reaction to gaseous products are simplified into the form
of a single reaction modeled as

νl(hydrocarbons) + O2 → νg (gaseous products), (2.1)

i.e., one mole of oxygen reacts with νl moles of initial (liquid) hydrocarbons generating
νg moles of gaseous products (H2O, CO2, etc.). This system is studied in one dimension
(flow in the positive spatial direction x), allowing for the presence of oil and gas. The liquid
saturation is denoted by sl and the gas saturation is sg = 1 − sl. In the gaseous phase, we
distinguish the molar fraction of hydrocarbon gas Yh and the molar fraction of oxygen Yo.
The remaining components with molar fraction Yr = 1−Yo −Yh consist of reaction products
and inert components from the injected gas. The molar mass balance equations for liquid and
gas components are

∂t (ϕρlsl) + ∂x (ρlul) = −νl Wr − Wv, (2.2)

∂t (ϕYhρgsg) + ∂x (ρgugh) = Wv, (2.3)

∂t (ϕYoρgsg) + ∂x (ρgugo) = −Wr , (2.4)

∂t (ϕYrρgsg) + ∂x (ρgugr ) = νgWr , (2.5)

where uα j means the Darcy velocity of component j in phase α . There are three components,
viz., gaseous hydrocarbon (h), oxygen (o), and the “rest” (r) in the gas phase. Light oil can
exist in the liquid phase l and the gas phase g, whereas oxygen and the rest can only exist in
the gas phase. The liquid, gas, and total Darcy velocities are

ul = − kl

μl

∂ Pl

∂x
, ug = − kg

μg

∂ Pg

∂x
, u = ug + ul. (2.6)
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In this equation μl(T ) and μg(T ) are the viscosities, Pl is the oil pressure, and Pg is the gas
pressure. We denote the permeability of phase α by kα . We disregard the effect of capillary
forces on the phase behavior. Moreover, we also disregard pressure variations due to fluid
flow on the density and thermodynamic behavior. We use the ideal gas law to relate the molar
density ρg to the pressure Pg, i.e.,

ρg = Pg

RT
. (2.7)

The capillary pressure Pc(sl) = Pg − Pl is given by

Pc(sl) = σ cos(θ)√
k/ϕ

J (sl), (2.8)

where the factor multiplying the Leverett J -function is constant (Bear, 1972, p. 445-446).
We will use the derivative of Eq. (2.8) to estimate the order of magnitude of the capillary
diffusion coefficient; however, we will assume a saturation-independent average value. It is
convenient to express the liquid and gas velocities as

ul = u fl + fgkl

μl
P ′

c(sl)
∂sl

∂x
, ug = u − ul, (2.9)

where the prime denotes the derivative with respect to the function argument, and the liquid
and gas fractional flow functions are

fl(sl , T ) = kl/μl

kl/μl + kg/μg
, fg = 1 − fl. (2.10)

The Darcy velocities for gas components are

ugj = Y j ug − ϕDgsg∂x (Y j ) ( j = h, o, r). (2.11)

As a first approximation, we use the same diffusion coefficient Dg for all gas components
(see, however, the Stefan–Maxwell relations in Bird et al. (2002) for the full composition
dependence).

The permeability functions for the liquid phase and gas phase are taken as

kl (sl) = k

(
sl − slr

1 − slr

)2

for sl ≥ slr , and 0 otherwise, (2.12)

kg (sl) = k (1 − sl)
3 , (2.13)

where we assume that the residual gas saturation is zero.
The temperature dependence of the gas and liquid viscosities μg and μl in cP is given as

(Poling et al. 2001)

μg = 7.5

T + 120

(
T

291

)3/2

and μl = 1.32 × 10−2 exp

(
1, 006

T

)
. (2.14)

By adding up (2.3)–(2.5) and using (2.11) with Yh + Yo + Yr = 1, the total mass balance
of the gases is given by

∂t (ϕρgsg) + ∂x (ρgug) = Wv + (νg − 1)Wr . (2.15)
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Assuming that the temperature of solid rock, liquid, and gas is equal, we write the heat
balance equation as

∂

∂t

(
Cm + ϕclρl sl + ϕcgρgsg

)
�T

+ ∂

∂x
(clρl ul + cgρgug)�T = λ

∂2T

∂x2 + QrWr − QvWv, (2.16)

where �T = T −T ini with initial reservoir temperature T ini . The heat capacities for the sand
matrix, the liquid phase, and gas phase are Cm, cl, cg, respectively; they are all assumed to be
constant and independent of composition. We use λ to denote the effective thermal conduc-
tivity. We disregard heat losses, which are usually very small in field applications (however,
taking into account heat losses become essential for interpreting laboratory experiments).

Our implementation for the liquid and gas Darcy velocities is described by

ul = − kl

μl

∂ Pl

∂x
= − kl

μl

∂(Pg − Pc)

∂x
= − kl

μl

∂ Pg

∂x

+ kl

μl

∂ Pc

∂x
≈ − kl

μl

∂ Pg

∂x
− Dcap

∂sl

∂x
, (2.17)

in which we use the average value Dcap to avoid degenerate diffusion effects

Dcap = −
∫ 1

0

kl

μl

σ cos(θ)√
k/ϕ

J ′(sl)dsl, (2.18)

where the quantities are evaluated at the initial temperature T ini, the parameters are given
in Table 1 and we use typical values for the interfacial tension σ ≈ 0.03 N/m and the
contact angle θ = 0. To estimate the capillary diffusion, it is assumed that the derivative
of the Leverett J-function is equal to −0.3. Therefore, the capillary diffusion coefficient is
estimated as Dcap = 1.0 × 10−7 m2/s. Then the mass balance equations (2.2)–(2.5) read

∂t (ϕρlsl) + ∂x (ρlull) − ∂x (Dcapρl∂x (sl)) = −νlWr − Wv ,

∂t (ϕρgsg) + ∂x (ρgug) = Wv + (νg − 1)Wr ,

∂t (ϕYoρgsg) + ∂x (ρgYoug) − ∂x (ϕρg Dgsg∂x (Yo)) = −Wr ,

∂t (ϕYrρgsg) + ∂x (ρgYrug) − ∂x (ϕρg Dgsg∂x (Yr)) = νgWr ,

(2.19)

where

ull = − kl

μl

∂ Pg

∂x
, ul = ull − Dcap

∂sl

∂x
, ug = − kg

μg

∂ Pg

∂x
. (2.20)

The energy balance is given by

∂t ((Cm + ϕclρl sl + ϕcgρgsg)�T ) + ∂x ((clρl(ull − Dcap∂x sl)

+cgρgug)�T ) = λ
∂2T

∂x2 + QrWr − QvWv . (2.21)

The partial pressure of the gaseous hydrocarbon in liquid-gas equilibrium is given by the
Clausius–Clapeyron relation and Raoult’s law as
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Y eq
h Pg = Patm exp

(
− Qv

R

(
1

T
− 1

T bn

))
, (2.22)

where T bn is the (normal) boiling point measured at atmospheric pressure Patm. Taking
Y eq

h = 1 in (2.22), one recovers the actual boiling temperature T = T b at the elevated
gas pressure Pg > Patm. We can see that Y eq

h increases with temperature and Y eq
h → 1 as

T → T b. Even if there are better boiling point relations than Clausius-Clapeyron [see Poling
et al. (2001)], this relation is sufficiently accurate for our purpose.

We consider the reaction rate as

Wr = Arϕρlsl

(
PgYo

Patm

)n

exp

(
− T ac

T

)
, (2.23)

where Ar is the frequency factor for the oxidation rate of the oil. We use T ac to denote
the activation temperature for the oxidation rate. The activation temperature is related to the
activation energy Eac as T ac = Eac/R. We choose T ac = 7066 K.

We use an evaporation rate given by

Wv = κl(Y
eq
h − Yh)ρgs2/3

l , (2.24)

where we assume that the evaporation rate is proportional to the deviation of the mole fraction
of the light oil component in the gas phase from its equilibrium value and proportional to
s2/3

l , which is related to the surface area. The empirical transfer parameter is denoted as
κl. This formulation can be considered a consequence of non-equilibrium thermodynamics
[see for instance (Prigogine 1962; Levenspiel 1999)]. If κl is large, this approach describes
the situations close to local thermodynamic equilibrium (Bruining and Duijn 2006) for the
gaseous hydrocarbon mole fraction Yh, i.e., instantaneous vaporization. The vaporization rate
Wv vanishes under the conditions

Wv = 0 when sl > 0, Yh = Y eq
h or sl = 0. (2.25)

2.1 Initial and Boundary Conditions

The initial reservoir conditions are taken as

t = 0, x ≥ 0 : T = T ini, sl = sini
l R(x), Yh = Y eq

h , Yo = 0, Pg = Pini(x). (2.26)

where R(x) is a Ramp function. It is necessary for simulation purposes to specify the initial
pressure curve Pini(x). In the entrance domain 0 ≤ x < xe, where the oil saturation is initially
zero, the initial pressure is given by

Pini(x) = P0 + μguinj

(
xe − x

k
+ l − xe

kg(sini
l )

)
(2.27)

and in the rest of the domain, i.e., for xe ≤ x ≤ l, where l is the length of the system

Pini(x) = P0 + (l − x)μguinj

kg(sini
l )

. (2.28)

We use the parameters from Table 1 and xe = 15 m, l = 50 m.
The injection conditions at x = 0, t ≥ 0 are

sl = Yh = 0, T = T ini, Yr = 1 − Y inj
o , u = uinj, Yo = Y inj

o , (2.29)
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Table 1 Values of reservoir
parameters for heptane

We use Dcap to denote the
average capillary diffusion
coefficient

Ar = 4,060 s−1 P0 = 106 Pa T ini = 300 K

cg = 29 J/mol K Qr = 440 kJ/mol uinj = 8.0 × 10−7 m/s

cl = 224 J/mol K Qv = 31.8 kJ/mol Yinj = 0.21

Cm = 2 MJ/m 3K R = 8.314 J/mol K λ= 3 W/m K

Dcap = 1 × 10−7 m2/s sini
l = 0.9 νg = 1.36 mol/mol

Dg = 1 × 10−6 m2/s slr = 0.1 νl = 0.090 mol/mol

k = 10−10 [m2] T ac = 7,066 K ρl = 6,826 mol/m3

n = 0.5 T bn = 371 K ϕ = 0.3

corresponding to the injection of an oxidizer (air) at the reservoir temperature. The condi-
tion u = uinj leads to an injected flux of uinjρg. It is assumed that there are no gaseous
hydrocarbons in the injected gas, i.e., Yh = 0. The production conditions at x = l, t ≥ 0 are

∂x sl = ∂x Yo = ∂x Yr = ∂x T = 0, Pg = P0. (2.30)

3 Analytical Solution: Wave Sequence Solutions

It is the purpose of this paper to compare numerical to analytical results obtained previously.
The analytical expressions are derived with zero molar diffusion, capillary diffusion, and ther-
mal diffusion coefficients. We summarize the results of the analytical solution (Mailybaev
et al. 2013) for reasons of easy reference. The analytical solution describes the combustion
of a light oil by MTO. Our interest is the behavior at large times. The solution consists of a
sequence of waves separated by constant states. As shown in Fig. 1, the solution consists of
three waves, i.e., the thermal, MTO, and saturation wave. The thermal wave is the slowest
wave due to the high heat capacity of rock. The constant states at the upstream side of the
thermal wave are determined by the injection boundary conditions. As shown in Fig. 1
the temperature in the thermal wave changes from T = T ini upstream to some value
T − further downstream. The equation for the calculation of T − can be found in Maily-
baev et al. (2013). The MTO region contains the most interesting traveling waves, possessing
the same speed v. In this region, all the dependent variables T, sl, u, Yh, Yo depend on a single

Fig. 1 Wave sequence solutions
with the thermal (Th), MTO, and
saturation (S) region. Indicated
are the distributions of the
temperature T , oleic saturation sl,
and oxygen fraction Yo
(Mailybaev et al. 2013)
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200 N. Khoshnevis Gargar et al.

Fig. 2 Schematic graphs of the MTO wave profile. Indicated are changes in the temperature T , liquid fuel
saturation sl, oxygen fraction Yo, and fuel fraction Yh in the gas. The thin region VR is dominated by vapor-
ization and the much wider region RR is dominated by MTO reaction (with slow condensation). The VR is
much thinner than the RR, because it is assumed that vaporization rate is much faster than the reaction rate
(Mailybaev et al. 2013)

traveling coordinate ξ = x −vt , i.e., in a moving frame of reference with speed v the profiles
are stationary. Reference Mailybaev et al. (2013) uses the solution of the traveling wave to
relate quantities at the upstream side (T −, s−

l , u−, Y −
h , Y −

o ) to those at the downstream side
(T +, s+

l , u+, Y +
h , Y +

o ). It turns out that the wave speed v can also be obtained from these
quantities (Mailybaev et al. 2013). The region upstream of the MTO wave contains injected
gas with an oxygen fraction Y inj

o > 0 and no gaseous hydrocarbons, Yh = 0. Our interest is in
situations where the reaction rate wr vanishes both at the upstream and downstream sides of
the MTO region; we find the condition sl = 0 (no fuel) at the entrance and no oxygen at the
production side. Downstream of the MTO wave there are liquid hydrocarbons with saturation
s+

l > 0 and temperature T = T ini. The equilibrium conditions Wr = Wv = 0 require Yo = 0
and Yh = Y eq

h (0). Expressions for the five unknown quantities in the limiting states, i.e.,
T −, s+

l , the Darcy velocities u−, u+, and the wave speed v of the MTO wave are given in
Mailybaev et al. (2013). Finally, the saturation region travels downstream of the MTO wave,
see Fig. 1. In this region, the temperature is constant and equal to T = T ini. Therefore, we
have equilibrium between liquid heptane and heptane vapor, i.e., Yh = Y eq

h (T ini), and there
is no net vaporization and condensation. The oxygen has been consumed completely in the
MTO region. Therefore, we have Yo = 0 in the saturation region and no reaction occurs.
The saturation region contains a Buckley-Leverett solution constructed using the standard
procedure involving the Welge tangent construction (Welge 1952). Briefly, from upstream to
downstream, it consists of a rarefaction, a shock, and a constant state, see also Oleinik (1959).
Recall that in the analytical solution, thermal, mass, and capillary diffusion are disregarded.

We continue to detail the behavior of the MTO region. The mathematical analysis is
simplified in an essential way by the physical assumption that the vaporization rate is much
faster than the reaction rate. Under this assumption we can divide the wave profile into the
vaporization region (VR) and reaction region (RR), see Fig. 2. The VR is very thin, as its
width is approximately proportional to the ratio between the reaction and vaporization rates.
The surprising feature of MTO is that the thin vaporization region is located upstream of
the RR. Here the fraction Yh of gaseous fuel raises from Yh = 0 in the injected gas to the
equilibrium value Yh = Y eq

h (T res) at the downstream end of the VR (see Fig. 2). Since this
region is very thin and the reaction rate is not large at the prevailing low fuel concentration, the
oxygen consumption is negligible and we neglect the reaction process in the VR. Downstream
of the VR, we have the RR. In the RR, most of the MTO reaction occurs, as well as slow
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Fig. 3 The blown up analytic diffusionless MTO wave profile for parameters in Tab. 1. The horizontal
span corresponds to 15 mm. Shown are the variables T, sl, and Yh as functions of the dimensionless
traveling wave coordinate ξ (the dimensional length scale is x∗ = 0.022 m). The dimensionless quantity
θ = (T − T ini )/(T b − T ini ) is used to rescale the temperature. The figure was obtained with quadratic
permeabilities (Mailybaev et al. 2013), i.e., kl = (sl − 0.25)2 and kg = (1 − sl)

2, as opposed to the rel-
ative permeability functions (2.12), (2.13), used in our simulations. The very thin VR appears as a peak of
temperature, see also Fig. 2

condensation due to the temperature decrease in the direction of gas flow. Along the RR, the
equilibrium condition Yh = Y eq

h (T ) holds approximately.
Plots of the diffusionless analytical profiles shown in Fig. 3 confirm that the form of the

wave profile in the RR remains qualitatively similar in the general case, i.e., the variables
T, Yh, Yo decrease in the direction of gas flow in the RR, while sl increases. The down-
stream liquid saturation stays around the value s+

l ≈ 0.6, for a large interval of pressures.
Temperature, pressure, and MTO wave speed increase together.

4 Numerical Modeling

We consider a fully coupled, implicit numerical solution approach based on finite elements.
We solve the finite-element problem with COMSOL software, which gives numerical results
that can be compared to the analytical solution. We apply the mathematical module of COM-
SOL to introduce the model equations in weak form. We use fifth- order Lagrange elements,
which means that the basis functions in this finite element space are polynomials of degree
five. In other words, on each mesh element, the solution is a polynomial of degree five and the
entire solution is a sum of piecewise fifth-order polynomials. The grid size in the numerical
simulation is 0.01 m, which is fine enough to capture the multi-scale processes and is capable
of resolving the salient features. The spatial resolution of 5000 is fine enough.

Let us consider reservoir parameters values given in Table 1. The values correspond to
heptane (C7H16) as a fuel. Parameters of the MTO reaction rate vary considerably depend-
ing on specific conditions. The availability of reaction rate data is limited. In Table 1, we
present the MTO rate parameters compatible with experimental results obtained in Freitag
and Verkoczy (2005). In our solutions, the wave speed and limiting states are fortunately
weakly dependent on the elusive kinetic parameters.

As shown in Fig. 4, the numerical solution exhibits two regions (thermal and MTO) in the
same way as the analytical solution. The saturation region has moved out of sight to the right.
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Fig. 4 Wave sequence solution with the thermal and MTO regions. Indicated are the distributions of the
temperature T , liquid saturation sl , oxygen mole fraction Yo, and gaseous hydrocarbon mole fraction Yh at
t = 4 × 107 s in base case related to Table 1. Note near x = 40 the abrupt decay of the oxygen concentration,
the narrow peak of the Yh concentration, and the rapid decay in temperature. Consequently, the reaction region
(R R) and the vaporization region (V R) are also narrow and partly overlapping

The analytical and numerical solution look similar, in spite of the presence of diffusion terms
in the numerical solution. For the parameters used by us, the thermal wave is the slowest
wave. Therefore, the thermal wave travels in the region of the reservoir from which the liquid
and gaseous hydrocarbons were already displaced, i.e., sl = 0. Also, Yh = 0, as the injected
gas contains no gaseous hydrocarbons. Therefore, the liquid fractional flow function fl, the
reaction rate wr , and the evaporation rate wv are all zero. Since there is no reaction in the
upstream part of the MTO wave, the oxygen fraction Yo = Y inj

o is constant. The tempera-
ture in the thermal wave changes from the injection value T = T ini upstream to some value
T − in the plateau. The gradual increase is due to the non-zero value of the thermal conductiv-
ity. A steeper increase is illustrated in Fig. 10, where a very low thermal conductivity is used.
The Darcy velocity upstream of the thermal wave is the injection Darcy velocity u = uinj.
The MTO region contains the most interesting waves in our solution, viz., evaporation and
combustion. The saturation region travels downstream of the MTO wave. In this region, the
temperature is equal to the initial temperature T = T ini. Downstream of the MTO region
there is liquid-gas equilibrium Yh = Y eq

h (0), and there is neither vaporization nor condensa-
tion, see (2.24). The oxygen has been consumed completely in the MTO region. No reaction
occurs downstream of the MTO region as the oxygen mole fraction is zero (Yo = 0), see
(2.23) and no reaction occurs upstream of the MTO region due to lack of fuel. Since the
volume of each phase remains constant, the total Darcy velocity is also constant in regions
of constant temperature.

When one compares the analytical (Fig. 3) and numerical computations (Fig. 4), one must
keep in mind that different relative permeabilities were used. The width of the reaction region
(RR) evaluated by the decline of the oxygen concentration is of the order of one meter in
the diffusive simulation as shown in Fig. 4, while the width in the diffusionless analytical
solution (Fig. 3) is of the order of millimeters. This discrepancy is due to both physical (mole-
cular, capillary, and thermal diffusion) and numerical diffusion, all present in the simulation.
The vaporization rate is made very fast by the application of a high transfer function in the
numerical computations or by using thermodynamic equilibrium in the analytical computa-
tions. In the R R, the wave profile is characterized by steep changes in all variables at higher
temperatures, followed by slower variations at lower temperatures downstream (see Fig. 3).
Note also that the temperature T attains a maximum at a peak that determines the reso-
nance state. At this state the heat consuming vaporization at the V R is replaced by the heat
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Fig. 5 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl, oxygen
mole fraction Yo, and the gaseous
hydrocarbon mole fraction Yh at
t = 4 × 107 s in the case of
extremely small gas diffusion,
i.e., Dg = 1 × 10−9 m2/s

providing combustion process in the reaction region (R R). As shown in Fig. 3, the oxygen
mole fraction Yo, the gaseous hydrocarbon mole fraction Yh, and temperature T change more
steeply in the R R wave than the corresponding profiles in Fig. 4. Note that T − is equal to
T ini + 0.85(T b − T ini ) in Fig. 4, which means that the temperature at the upstream part of
the MTO region T − is 177oC. This value is between the boiling point Tb and the temperature
T − upstream of the MTO region in Fig. 3. Indeed, the temperature upstream of the MTO
region increases to become close to T b by taking into account the diffusive processes to the
model, as was already conjectured in Mailybaev et al. (2013). The liquid saturation down-
stream of the MTO region, s+

l in Fig. 4, is about 0.65 as opposed to 0.56 in the analytical
solution.

4.1 Effect of Gas Diffusion

There is no diffusion in the liquid phase, because there is only one component. However,
there is diffusion in the gas phase. As stated above we use a single diffusion coefficient in
Eq. (2.19). Because diffusion coefficients are usually small, their physical impact can easily
be masked by such processes introduced by the numerical models. The finite element code
uses algorithms that minimize such processes; diffusion effects are explicitly introduced by
adding a diffusion term to the equations. When the injection velocity is small, diffusion effects
are well represented by our numerical model. In the base case with a diffusion coefficient
Dg = 10−6 m2/s, as shown in Fig. 4, the effect of diffusion is small. However, it is clearly
visible in the oxygen concentration Yo profile, where the oxygen concentration decreases
steeply, but smoothly to zero. The gaseous hydrocarbon profile Yh is a peak with a finite width.
At the upstream side of the MTO region, hydrocarbon evaporates, whereas it condenses at the
downstream side. The curve is asymmetric and has a tail, where slow condensation occurs.
If we choose a smaller diffusion coefficient, e.g., Dg = 10−9 m2/s, the oxygen mole fraction
shows a much steeper decline (see Fig. 5). The peak representing the gaseous hydrocarbon is
much steeper, in particular, at the upstream side of the MTO region. However, the downstream
side looks very similar to the case with base diffusion coefficient. Simulations with higher
diffusion coefficients (Dg = 10−5 m2/s) show a slower decline of the oxygen concentration
and a hydrocarbon peak that is also slowly increasing at the upstream side of the MTO
region, Fig. 6. Moreover, higher diffusion coefficient lowers the maximum temperature and
gives rise to a small temperature spike in the evaporation region. The general appearance of
the solution is preserved when the gas diffusion is increased within the range of physically
accepted values. Within this range, the amount of recovered oil by the MTO region does not
change significantly.
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Fig. 6 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl, oxygen
mole fraction Yo, and gaseous
hydrocarbon mole fraction Yh at
t = 3.4 × 107sec in the case of
large gas diffusion
Dg = 1 × 10−5 m2/s

Fig. 7 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl, oxygen
mole fraction Yo, and gaseous
hydrocarbon mole fraction Yh at
t = 4 × 107 s in the case of small
capillary diffusion
Dcap = 1 × 10−10 m2/s

Fig. 8 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl, oxygen
mole fraction Yo, and gaseous
hydrocarbon mole fraction Yh at
t = 4 × 107 s in the case of large
capillary diffusion
Dcap = 1 × 10−4 m2/s

4.2 Effect of Capillary Pressure

Large capillary forces cause the gas displacement to be the main recovery mechanism and a
small amount of oil is left behind for the combustion. As shown by a comparison of Figs. 4 and
7, a lower capillary diffusion leads to a lower temperature and a lower gaseous hydrocarbon
concentration (the integrated mole fraction of gaseous hydrocarbon in Fig. 7 is 0.43 m, which
is smaller than 0.74 m in Fig. 4). For a higher capillary diffusion (above physically reasonable
values), the results of which are displayed in Fig. 8, the temperature is higher and a larger
amount of gaseous hydrocarbons (the integrated mole fraction is 1.45 m) are produced. In
this case, the liquid saturation is really low, which means that higher capillary forces decrease
the amount of oil available for MTO. Large capillary forces decrease the velocity of the MTO
region and therefore increase the temperature (see Fig. 8).
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Fig. 9 Effect of capillary diffusion on the amount of oil recovered by the MTO wave

Fig. 10 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl , oxygen
mole fraction Yo, and gaseous
hydrocarbon mole fraction Yh at
t = 4 × 107 s in the case of small
thermal conductivity
λ = 0.03 W/m K

Larger capillary forces sweep more oil ahead of the vaporization/combustion zone. Now
the dominant displacement mechanism is capillary mixing away from the MTO region. The
smaller amount of oil that enters the MTO region is partly combusted and partly evaporated.
Increasing capillary forces enhance recovery by gas displacement and leave less oil behind
to be recovered by the vaporization/combustion process (see Fig. 9). There is a continuous
change between the relative importance of gas displacement and MTO wave recovery. For
high capillary coefficients, which are however, slightly above physically acceptable values,
the appearance of the solution changes completely.

4.3 Effect of Thermal Conductivity

Thermal conductivity manifests itself through the value of the quotient of the thermal conduc-
tivity and the heat capacity, which is called the thermal diffusion coefficient. The temperature
profiles for smaller conductivity (with λ = 0.03 W/m K , see Fig. 10) show steeper transi-
tions than for the base case values (see Fig. 4). The lower the thermal diffusion coefficient,
the thinner the reaction region (R R). For reasons of illustration we took thermal conductiv-
ity values that are unrealistically small. The ensuing temperature profile shows numerical
fluctuations. At higher thermal conductivity, e.g., with λ = 15 W/m K (Fig. 11), we see
more smooth transitions. The temperature profile does not show fluctuations. The tempera-
ture and hydrocarbon vapor spikes in Fig. 4 widen and flatten for the higher thermal diffusion
coefficient.
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Fig. 11 Wave sequence solution
with the thermal and MTO
regions. Indicated are the
distributions of the temperature
T , liquid saturation sl, oxygen
mole fraction Yo, and gaseous
hydrocarbon mole fraction Yh at
t = 4 × 107 s in the case of large
thermal conductivity
λ = 15 W/m K

We distinguish three aspects. First, there is the rate of oil combustion, which is given
by the oxygen injection rate, considering that the oxygen consumption is complete. The
velocity of the combustion front is determined by the density of the fuel participating in
the reaction process, which is not necessarily related to the amount of oil left behind by the
gas displacement process, because part of the oil also evaporates. The oil left behind by the
displacement process is removed due to a combination of evaporation and combustion in the
MTO region. This can explain why for a higher gas displacement efficiency the velocity of
the MTO region can become lower.

5 Conclusions

Air injection with the purpose of improving volatile oil recovery is a method that deserves
investigation; it can be modeled as a medium temperature oxidation (MTO) process. A
model was proposed to study the effect of diffusive processes (mass, thermal, and capillary)
on MTO of light oil in porous media. The proposed two-phase model considers evaporation,
condensation, and reaction with oxygen. This model includes three gaseous components
(oxygen, gaseous hydrocarbon, and remaining gas), the oil saturation, and an energy balance
equations. MTO combustion completely displaces the oil at a cost of small amounts of burned
oil. We consider light oil recovery by air injection at medium pressures in a linear geometry,
for the case when gas-phase combustion and water are neglected. However, the effect of
gas-phase reactions and the presence of water need to be considered in the future.

We used a finite element package (COMSOL) to obtain a numerical solution for compar-
ison with an analytical solution in a zero diffusion model obtained previously (Mailybaev
et al. 2013). The numerical model uses fifth-order Lagrangian base functions. Combined
with a central difference scheme used in the finite element package, this makes it possible to
model situations both at low diffusion and high diffusion coefficients. The numerical model
is capable to quantify the effect of the diffusive processes, while the qualitative behavior of
the numerical solution is similar to that of the analytical solution. The solution consists of
three waves, i.e., a thermal wave, an MTO wave, and a saturation wave, separated by constant
state regions. The results show that vaporization occurs upstream of the combustion zone.

The effect of the diffusive terms is as follows. Molecular diffusion lowers the temperature
in the MTO region, but creates a small peak in the vaporization region. Capillary diffusion
increases the temperature in the upstream part of the MTO region. Higher capillary diffusion
increases the recovery by gas displacement and lowers the recovery by the combustion mech-
anism. The analytical solution, without diffusive terms, and the numerical solution become
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completely different at very high capillary diffusion coefficients. The effect of thermal dif-
fusion smoothes the thermal wave and widens the hydrocarbon vapor peak.
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