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In this paper we study the combined effects of bearing and rotor asymmetry on the
stability of the classical Laval rotor using analytical techniques. This setting intrinsically
features equations of motion with periodic coefficients. We obtain closed form approx-
imations for the stability boundaries which give insights in the interaction of different

degree of freedom model of a rotor we investigate dissipative and follower force type of
forcing in combination with internal and external damping in the presence of both
rotating and stationary asymmetries. Since in many technical applications the resulting
forces are small compared to the elastic restoring forces of the corresponding symmetric
system, the former are treated as perturbations. The results are benchmarked with
numerical simulations indicating the range of validity of the approximations. Our model is
designed to illustrate the most generic effects originating from the coupling of rotor and
bearing asymmetries, which cannot be captured in models with constant coefficients.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Rotordynamics is a fascinating field of mechanics with many interesting effects and phenomena. Typical effects are
usually explained with minimal phenomenological models that are designed to be easily solvable [1–4], which means that
usually a formulation with equations of motion with constant coefficients is desired [5–8]. The easiest model is probably the
classical Laval rotor with only two degrees of freedom [9]. In order to keep the equations simple usually symmetry of the
bedding or the rotor is assumed, leading to equations with constant coefficients in a specific coordinate frame. In this case
the instability phenomena can be classified and studied in a general form [10]. However, it is intuitively clear that for an
asymmetric rotor with asymmetric beddings no straightforward formulation of the equations of motion with constant
coefficients is possible. The equations of motion for such a configuration of a Laval rotor can for example be found in [11];
numerical and experimental study of a rotor with flexible base was carried out in [12]. Periodic coefficients are also
unavoidable if an asymmetric rotor interacts with stationary contacts as, for example, in brakes or clutches. For these
systems intrinsically damping and follower type forces arise. The occurrence of periodic coefficients in the equations of
motion combines the phenomena of parametric excitation and self-excitation. One of the first authors to discover this was
v), speko@dyn.tu-darmstadt.de (G. Spelsberg-Korspeter).
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Tondl [13] who showed that parametric excitation can be used on purpose to avoid self-excited vibrations [14,4]. Our paper
therefore aims in the same direction, however, using different mathematical approaches.

It is well known that asymmetry of rotors can have destabilizing effects which occur for supercritical speed ranges. It has
been shown that in other settings asymmetries in rotor systems have a stabilizing effect especially in the presence of
nonconservative forcing [15–17]. Whereas for rotors with degrees of freedom parallel to the axis of rotation, as for example
in rotating plates, a rotating asymmetry is helpful for stabilization, in case of a rotor with degrees of freedom orthogonal to
the axis of rotation, asymmetries in the bearings stabilize the system [15–17].

These observations give the motivation to analyze the combined effect of stationary (spatially fixed) and rotating (body
fixed) asymmetries in a rotor system. This is especially interesting for the Laval rotor, since the static asymmetry can
stabilize and rotating asymmetry destabilize the system in context to inner damping. Therefore, in this paper we consider an
asymmetric Laval rotor in an asymmetric bedding with internal and external damping as well as frictional contact forces.
Since the damping and contact forces are usually small compared to elastic restoring forces, tendencies and crucial effects
can be simultaneously studied using analytical perturbation theory for eigenvalues [18]. The methods are used in the
context of Floquet theory for systems of equations which intrinsically feature time periodic coefficients. The results can be
seen as a follow up of the analysis performed in [17], where the first observations were made on the combination of rotating
and nonrotating asymmetries in rotors. Since the structure of the equations of motion depends on the definition of degrees
of freedom (for example, for problem formulation in stationary or rotating coordinates) we take special care to obtain a
coordinate invariant problem formulation in order to isolate physical effects from effects of representation.

We provide an analytical treatment for stability of a rotor with stationary and rotating asymmetries in the whole range of
rotation speeds. In this theory, the resonant speeds represent the main mathematical novelty and difficulty. We show that
due to intrinsic time-periodicity of system coefficients, the resonances are associated to semi-simple eigenvalues of
multiplicity four. This represents an essentially higher degree of degeneracy as compared to the parametric resonance
theory, where instability zones (tongues) result from double eigenvalues [18–20]. We show that the perturbation equations
can be resolved due to their specific structure associated with the axially symmetric unperturbed equations. At the same
time, the quadruple eigenvalue leads to a highly nonlinear form of first-order stability conditions in terms of problem
parameters, providing a new type of trefoil-shaped resonance zones instead of classical instability tongues. We use the
advantage of having a relatively simple system, which facilitates the comparison of analytical results with accurate
numerical computation of stability regions. We expect that the proposed analytical stability theory can be generalized to
systems of higher dimension, where detailed numerical multi-parameter analysis is a difficult task [21–24].

The paper is organized as follows. We describe the model in Section 2. Section 3 formulates the Floquet theory for the
perturbation problem. Bifurcation of Floquet multipliers is studied in Section 4. Stability conditions are derived and analyzed
for non-resonant and resonant rotation speeds in Sections 5 and 6, respectively. The results are summarized in Section 7.
2. Model

We consider a Laval rotor on a massless asymmetric elastic shaft (bending stiffnesses EI1 and EI2) that is bedded on the
ground with asymmetric springs (stiffnesses k1 and k2) as shown in Fig. 1. The mass of the rotor is assumed to have only
translatory degrees of freedom and a negligible unbalance. Note that the latter is not a strong limitation, because a small
unbalance can be considered by studying the stability of a particular solution in a similar way.
Fig. 1. Laval rotor with inner and outer stiffnesses and contact forces.
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For the derivation of the equations of motion we use a stationary coordinate system spanned by the unit vectors n!1, n
!

2

and a coordinate system e!1, e!2 rotating with the rotor with constant angular velocity Ω¼ _Φ40. The equations of motion
obtained from the principl

M
!�! � €r!þ K

!�! � r!
 !

� δ r!¼ ð F!dþ F
!

cÞ � δ r!; (1)

where r! is the position vector of the rotor. On the left we have the inertia tensor given by

M
!�!¼m I

!�!
; I

!�!¼ e!1 e!1þ e!2 e!2; (2)

and the stiffness tensor K
!�!

originating from an elastic bedding.

In order to obtain K
!�!

we note that it is composed of the alignment of a stationary elastic bedding

K
!

stat

���!
¼ ðk1 n!1 n

!
1þk2 n

!
2 n
!

2Þ; (3)

and a rotating elastic bedding given by

K
!

rot

��!
¼ ðc1 e!1 e!1þc2 e!2 e!2Þ: (4)

The constants c1 and c2 can easily be calculated from EI1, EI2 by considering the equations of a massless elastic beam with
appropriate boundary conditions. At the mounting of the shaft for the restoring force F

!
we have

r!¼ � K
!�!�1

F
!¼ � K

!�!�1

statþ K
!�!�1

rot

0
@

1
A F
!

; (5)

so that the resulting stiffness tensor follows as

K
!�!¼ K

!�!�1

statþ K
!�!�1

rot

0
@

1
A�1

: (6)

The forces in the right-hand side of Eq. (1) are due to internal and external damping given by

F
!

d ¼ �dið _r!�Ω n!3 � r!Þ�de
_r! (7)

and contact forces which read

F
!

c ¼ �kcð r!� n!1�μ r!� n!2Þ n!1�kcð r!� n!2þμ r!� n!1Þ n!2�dc
_r!; (8)

where μ is the coefficient of dry friction as used in Coulomb's law. The parameters kc and dc are the stiffness and damping
coefficients of the contact. Note that we consider rotation withΩ40; otherwise, one must take the dry friction coefficient μ
with opposite sign in Eq. (8). The model can be seen as an extension of an asymmetric rotor studied in [11] in the sense that
damping and contact forces are considered. However, in our case we concentrate on stability behavior of the homogeneous
equations of motion and therefore neglect any kind of unbalance.

So far all the expressions presented were invariant of coordinates. In order to make computations we have to specify the
degrees of freedom for our problem. A convenient formulation will be achieved by defining the coordinates with respect to
the inertial frame, i.e.,

r!¼ q1 n
!

1þq2 n
!

2: (9)

We introduce the following dimensionless variables and parameters:

~t ¼ωt; ~Ω ¼Ω
ω
; ~k1 ¼

k1
mω2;

~k2 ¼
k2

mω2;
~kc ¼

kc
mω2;

~c1 ¼
c1

mω2; ~c2 ¼
c2

mω2;
~ξ ¼ μkc

mω2;
~δ i ¼

di
mω

; ~δe ¼
deþdc
mω

; (10)

where the characteristic frequency ω is defined as

ω2 ¼ ck
mðcþkÞþ

kc
m
; k¼ k1þk2

2
; c¼ c1þc2

2
: (11)

Dimensionless equations are obtained from Eq. (1) in matrix form (with the tildes omitted) as

€qþðδiþδeÞ _qþKðtÞq¼ 0; q¼
q1
q2

 !
: (12)
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Here

K¼ ðK�1
statþK�1

rot Þ�1þkcIþðδiΩ�ξÞN (13)

with

N¼ 0 1
�1 0

� �
; Kstat ¼

k1 0
0 k2

 !
; (14)

Krot ¼
cos Φ � sin Φ
sinΦ cos Φ

� � c1 0
0 c2

 !
cos Φ sin Φ
� sinΦ cos Φ

� �
; Φ¼Ωt: (15)

It is easy to see that the coefficients in Eq. (12) are periodic with respect to time with period T ¼ π=Ω. Note that the matrix K
is also periodic if we write equations of motion in the rotating frame, which means that there is no easy formulation with
constant coefficients. This is generally the case, when both stationary and rotating restoring stiffnesses are asymmetric. This
phenomenon becomes particularly technically relevant in rotor problems with contact.

The goal is now to study the system with analytic perturbation theory and to calculate first-order approximations to the
stability boundaries. Therefore, we consider all terms, which break the symmetry of the system, and nonconservative forces
as perturbations, and linearize coefficients in Eq. (12) with respect to parameters about c1 ¼ c2 ¼ c and k1 ¼ k2 ¼ k.
This yields

K¼ IþΔK; ΔK¼Δc
� cos ð2ΩtÞ � sin ð2ΩtÞ
� sin ð2ΩtÞ cos ð2ΩtÞ

 !
þ

�Δk δiΩ�ξ
ξ�δiΩ Δk

 !
(16)

with

Δc ¼
c2�c1

2ð1þc=kÞ2
; Δk ¼

k2�k1
2ð1þk=cÞ2

; (17)

where the higher-order terms oðΔk;ΔcÞ were neglected. Note that ω from Eq. (11) is the eigenfrequency of the unperturbed
system, which in dimensionless formulation reduces to unity, ck=ðcþkÞþkc ¼ 1. The final expression (16) depends on the
dimensionless stiffness parameters k1;2 and c1;2 through their relations given in Eq. (17), while the contact stiffness kc
appears only in the dimensional expressions (10) and (11).

Remark. When the contact is rotating with the rotor like, for example, in a centrifugal clutch [16], the equations have
similar structure. Note that an asymmetry in the contact leads to breaking of axial symmetry in the damping. Such
asymmetry is not considered here, since in a similar analysis in [17] no qualitatively different results were observed.

3. Eigenvalues in the context of Floquet theory

Let us write system (12) in the form of a first-order system

_x ¼AðtÞx; (18)

with

x¼
q
_q

 !
; AðtÞ ¼

0 I
�KðtÞ �ðδiþδeÞI

 !
; (19)

where 0 is the 2�2 zero matrix. When asymmetry is small, in the first-order approximation we have

AðtÞ ¼A0þA1ðtÞ; (20)

A0 ¼
0 I
�I 0

� �
; A1ðtÞ ¼

0 0
�ΔKðtÞ �ðδiþδeÞI

 !
; (21)

where A0 describes the unperturbed system and A1 is a small perturbation, see Eq. (16).
For stability analysis of the time-periodic system (18), one has to compute the Floquet matrix F¼XðTÞ, where XðtÞ is the

4�4 matrix solving the system

_X ¼ AðtÞX; Xð0Þ ¼ I (22)

with the 4�4 identity matrix as the initial condition. The system is asymptotically stable if jρjo1 for all eigenvalues (also
called Floquet multipliers) ρ of the matrix F, see [18, Section 9.2]. If there is a multiplier with jρj41, the system is unstable.
When jρjr1 for all multipliers, then the system is stable if and only if all the multipliers with jρj ¼ 1 are simple or semi-
simple. Recall that semi-simple means that the eigenvalue is multiple but possesses as many linearly independent
eigenvectors as its algebraic multiplicity.
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We remark that the Floquet matrix determines the transfer map for the system over half a period of rotation T ¼ π=Ω,
i.e., when the rotor rotates by 1801. This implies that computing a similar Floquet matrix for equations of motion written in
the rotating frame yields the same matrix but with a different sign. After two periods, i.e., a full rotation of the rotor, the
corresponding matrix F2 is identical for rotating and stationary coordinates.

The unperturbed system matrix A0 is time independent. Its eigenvalues λ with right eigenvectors u and left eigenvectors
v are determined by the

A0u¼ λu; vTA0 ¼ λvT; (23)

where vT is the transposed vector. Using the explicit form of the matrix A0 from Eq. (21) we find the eigenvalues and
eigenvectors as

λ7 ¼ 7 i; u71 ¼

1
0
λ7

0

0
BBB@

1
CCCA; u72 ¼

0
1
0
λ7

0
BBBB@

1
CCCCA; v71 ¼

1
2

0
1

2λ7

0

0
BBBB@

1
CCCCA; v72 ¼

0
1
2

0
1

2λ7

0
BBBB@

1
CCCCA: (24)

Eigenvectors with the same sign correspond to the same eigenvalue. Thus, the eigenvalues λþ ¼ i and λ� ¼ � i are double
and semi-simple. Note that the eigenvectors satisfy the normalization conditions

vTσjuσ0j0 ¼ δj0j δ
σ0
σ ; j; j0 ¼ 1;2; σ;σ0 ¼ 7 ; (25)

where δj0j is the Kronecker delta.
Since the matrix A0 is time-independent, we find the matrices XðtÞ and F for the unperturbed system in the form of

matrix exponentials as

X0 tð Þ ¼ exp tA0ð Þ; F0 ¼ exp TA0ð Þ ¼ exp
π
Ω
A0

� �
: (26)

Multipliers (eigenvalues) of the Floquet matrix F0 from Eq. (26) are found as

ρ7 ¼ expðTλ7 Þ ¼ expð7 iπΩ�1Þ; (27)

where λ7 ¼ 7 i are eigenvalues of A0, see Eq. (24). The eigenvectors remain the same [25,18], so that

F0u7 j ¼ ρ7u7 j; vT7 jF0 ¼ ρ7 vT7 j: (28)

If ρþ ¼ ρ� then the resulting multiplier is semi-simple and its multiplicity is equal to four. This occurs at the resonant
rotation speeds, when

Ω¼ 1=n; ρþ ¼ ρ� ¼ ð�1Þn; n¼ 1;2;… (29)

At non-resonant values of Ω, we have ρþ aρ� and the multipliers are double and semi-simple. Similar to Eq. (28), for the
matrix X0ðtÞ from Eq. (26) and its inverse, we have [25,18]

X0ðtÞu7 j ¼ eλ7 tu7 j ¼ e7 itu7 j; vT7 jX
�1
0 ðtÞ ¼ e�λ7 tvT7 j ¼ e8 itvT7 j: (30)

4. Perturbation of double and quadruple multipliers

Let us now consider the perturbed system with the time-dependent matrix operator (20). We will also assume a small
perturbation T1 of the rotation period,

T ¼ T0þT1; (31)

caused by the variation of rotation speed. The Floquet matrix is a smooth function of parameters. We can write the
perturbed Floquet matrix keeping only the first-order (linear) correction term as

F¼ F0þF1; (32)

where [18, Section 9.3]

F1 ¼ F0
Z T0

0
X�1
0 A1X0 dtþT1A0F0: (33)

The semi-simple multiplier ρþ of the matrix F0 is given in Eq. (27), and its small perturbation is denoted as

ρ¼ ρþ þρ1þoðρ1Þ; ρ1 ¼ ρþη; (34)

where ρ1 is the leading correction term and η is introduced for further convenience. When ρþ aρ� , analogous expression
for the perturbed multiplier ρ� is obtained from Eq. (34) by complex conjugation; for this reason we will only consider ρþ
from now on.
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For absolute values of perturbed multipliers (34), where jρþ j ¼ 1, we have

jρj ¼ j1þηþoðηÞj ¼ 1þReðηÞþoðηÞ: (35)

For asymptotic stability, we need jρjo1 and, hence,

Re ηo0: (36)

The imaginary part of η only affects higher-order terms in Eq. (35) and, thus, it does not contribute to the first-order stability
condition (36). When the contact and dissipative forces are absent, i.e., ξ¼ δi ¼ δe ¼ 0, the system has Hamiltonian structure
and the multipliers possess the symmetry ρ↦1=ρ [26]. In this case a stable system must have all multipliers on the unit
circle jρj ¼ 1. Hence, all values of η in Eq. (35) are purely imaginary for a stabilizing perturbation [18].

In the non-resonant case Ωa1=n, there are two values of ρ1 describing splitting of the double multiplier ρþ . These two
values are determined as the eigenvalues of the 2�2 matrix [18, Section 9.7]

det
vTþ1F1uþ1�ρ1 vTþ1F1uþ2

vTþ2F1uþ1 vTþ2F1uþ2�ρ1

 !
¼ 0: (37)

Substituting Eq. (33) into Eq. (37) and using Eqs. (23), (25), (28), (30) for the first element yield

vTþ1F1uþ1 ¼ vTþ1F0
Z T0

0
X�1
0 A1X0 dt uþ1þT1vTþ1A0F0uþ1 ¼ ρþ

Z T0

0
vTþ1A1uþ1 dtþ iT1

� �
: (38)

Performing a similar computation for other elements and omitting the common factor ρþ , we reduce Eq. (37) to the form

detðG0�ðη� iT1ÞIÞ ¼ 0; (39)

where elements of the 2�2 matrix G0 ¼ ½g0jk� are given by

g0jk ¼
Z T0

0
vTþ jA1uþk dt; j; k¼ 1;2: (40)

We see that the bifurcation of a double multiplier is determined by the matrix G0, which represents the mean value of A1

written in an appropriate coordinate basis, as discovered earlier in [15,16].
In the resonant case (29), we have T0 ¼ πn and there is a single semi-simple multiplier of multiplicity four. Four values of

ρ1 in the perturbation expression (34) are given by the eigenvalues of the 4�4 matrix [18, Section 2.10]

det

vTþ1F1uþ1�ρ1 vTþ1F1uþ2 vTþ1F1u�1 vTþ1F1u�2

vTþ2F1uþ1 vTþ2F1uþ2�ρ1 vTþ2F1u�1 vTþ2F1u�2

vT�1F1uþ1 vT�1F1uþ2 vT�1F1u�1�ρ1 vT�1F1u�2

vT�2F1uþ1 vT�2F1uþ2 vT�2F1u�1 vT�2F1u�2�ρ1

0
BBBB@

1
CCCCA¼ 0: (41)

Calculations analogous to Eq. (38) with the complex conjugate relation of eigenvectors u�k ¼ uþk and v� j ¼ vþ j following
from Eq. (24) yield

det
G0�ðη� iT1ÞI G1

G1 G0 �ðηþ iT1ÞI

 !
¼ 0; (42)

where G0 is given by Eq. (40) and elements of the 2�2 matrix G1 ¼ ½g1jk� are

g1jk ¼
Z T0

0
vTþ jA1u�ke

� i2t dt: (43)

Here the factor e� i2t appears because vTþ j and u�k yield the same multiplier e� it in Eq. (30). We see that the bifurcation of
the quadruple multiplier is determined by the mean value and the specific Fourier coefficient of the periodic matrix A1ðtÞ.

Note that the theory given in this section is rather general. We expect that it can be extended to general rotating systems
with axial symmetry.

5. Non-resonant stability conditions

Let us apply the formulas of the previous section in the non-resonant case with the matrix A1 from Eq. (21). Then,
expressions (40) with (24), (21) and (16) yield

G0 ¼ �T0

2i
〈ΔK〉þ δiþδe

� �
iI

� �
; (44)

where

〈ΔK〉¼
�Δk δiΩ�ξ
ξ�δiΩ Δk

 !
(45)
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Fig. 2. Stability boundaries for (a) subcritical rotation speed Ω¼ 0:3 and (b) supercritical rotation speed Ω¼ 1:5. Gray regions show the numerical
instability regions and horizontal bold lines denote the theoretical first-order approximations of the stability boundary.
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is the mean value of the matrix in Eq. (16). In the non-resonant case the period perturbation T1 leads to purely imaginary
change of η in Eq. (39) and, hence, it has no effect on the stability condition (36). For this reason, we can take T1 ¼ 0 and
write the characteristic equation in Eq. (39) as

η2þT0ðδiþδeÞηþT2
0 Δ2

kþðδiþδeÞ2�ðξ�δiΩÞ2
h i

=4¼ 0: (46)

For asymptotic stability, condition (36) must be satisfied for both roots η of Eq. (46). The Routh–Hurwitz criterion yields

δiþδe40; Δ2
kþðδiþδeÞ24 ðξ�δiΩÞ2: (47)

The first condition is usually fulfilled, since the damping coefficients are nonnegative. When δi40, the second condition
provides the stability interval for rotation speeds (away from resonance zones considered in the next section) as

max 0;Ω�ð ÞoΩoΩþ ; Ω7 ¼ ξ
δi
7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

k

δ2i
þ 1þδe

δi

� �2
vuut : (48)

Note that, in the absence of internal damping, δi ¼ 0, conditions (47) reduce to the ones found in [17].
We see from Eq. (47) that the system is stabilized by the static stiffness asymmetry Δk and external damping δe.

The effect of internal damping δi depends on the values of other parameters and can only destabilize the system in
the supercritical range Ω41, which is well-known for rotors described by systems with constant coefficients, see, e.g., [9].
In particular, internal damping acts against the contact force and compensates it when δiΩ¼ ξ. The asymmetry of the rotor
stiffness Δc has no effect on stability in the first approximation, though it may influence higher order correction terms.

For computations, let us consider a numerical example with the dimensional parameters (arbitrary units)

m¼ 1; k¼ c¼ 1; kc ¼ 0:5; μ¼ 0:2; di ¼ deþdc ¼ 0:02; (49)

which yield ω¼ 1 in Eq. (11). For dimensionless parameters (10) and (17) we have

ξ¼ 0:1; δi ¼ δe ¼ 0:02; Δk ¼
k2�k1
8k

; Δc ¼
c2�c1
8c

: (50)

The range jΔkjo1=4 and jΔcjo1=4 for the asymmetry parameters follows from the positivity of all stiffnesses.
The symmetric system with Δk ¼Δc ¼ 0 is stable in the supercritical interval of rotation speeds, 3oΩo7, obtained from
the first-order condition (48); numerical computations of the Floquet matrix confirm this result with the accuracy of about
0.03 percent. The instability should be attributed to the nonconservative follower force given by the dry friction parameter μ
(dimensionless parameter ξ).

Fig. 2 shows stability diagrams for the fixed rotation speeds Ω¼ 0:3 and Ω¼ 1:5. The first-order stability condition (47)
provides the critical value of static asymmetry Δcr

k , such that the system is stabilized for

jΔkj4Δcr
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðξ�δiΩÞ2�ðδiþδeÞ2

q
: (51)
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These values are shown in Fig. 2 by the horizontal bold lines. Gray regions show the instability domain of system (12)–(15)
obtained by checking numerically the asymptotic stability condition jρjo1 for eigenvalues of the Floquet matrix for a dense
grid in the parameter space. This requires numerical computation of the Floquet matrix at all grid points, which can be
effectively done using parallel computing. Note that the deviation of the theoretical result from the exact stability boundary
is the higher order effect and becomes essential with increasing Δc (recall that jΔcjo1=4). For both cases in Fig. 2, the
higher order effects of rotating asymmetry Δc favor destabilization of the system.

In the case of no contact forces and no damping, ξ¼ δi ¼ δe ¼ 0, Eq. (46) yields

η¼ 7 i
T0Δk

2
: (52)

As explained in Section 4, purely imaginary values of η imply that the two multipliers split along the unit circle jρj ¼ 1.
Therefore, the system remains stable for small asymmetry of static and rotating stiffnesses at non-resonant rotation speeds.

6. Trefoil instability zones near resonant rotation speeds

Let us consider rotation speeds Ω¼Ω0þΔΩ near the resonant value Ω0 ¼ 1, at which the unperturbed system has the
semi-simple multiplier ρþ ¼ ρ� ¼ �1 of multiplicity four. Bifurcation of this quadruple multiplier into four simple
multipliers under a small change of parameters is described by Eq. (34), where four values of η are given by roots of the
characteristic equation (42). The block matrices G0 on the diagonal are given by expressions (44) and (45). The off-diagonal
blocks G1 can be calculated using expressions (43) with (24), (21) and (16). Both G0 and G1 are taken for the unperturbed
system with Ω0 ¼ 1 and T0 ¼ π=Ω0 ¼ π, which yields

G0 ¼ � π
2i

�ΔkþðδiþδeÞi δi�ξ
ξ�δi ΔkþðδiþδeÞi

 !
; G1 ¼ �πΔc

4i
�1 i
i 1

� �
: (53)

The period of perturbed system T ¼ π=Ω is given up to small terms oðΔΩÞ by Eq. (31) with

T0 ¼
π
Ω0

¼ π; T1 ¼ �πΔΩ

Ω2
0

¼ �πΔΩ: (54)

Substituting Eqs. (53) and (54) into Eq. (42) and multiplying by ð2=πÞ4 yield

~η4þa2 ~η
2þa1 ~ηþa0 ¼ 0; ~η ¼ 2η

π
þδiþδe; (55)

where the coefficients are

a0 ¼ 4Δ2
Ω�Δ2

kþðξ�δiÞ2
h i2

�Δ2
c 4Δ2

Ωþðξ�δiÞ2
h i

; (56)

a1 ¼ 2Δ2
c ðξ�δiÞ; (57)

a2 ¼ 8Δ2
Ωþ2Δ2

k�Δ2
c �2ðξ�δiÞ2: (58)

As we showed above, the first-order asymptotic stability condition is given by Eq. (36). Using the second expression in
Eq. (55), we write this condition as

Re ~ηoδiþδe (59)

for all four roots ~η.
Note that exactly at the resonance, ΔΩ ¼ 0, the polynomial in Eq. (55) factorizes and yields the two quadratic equations

~η2þσΔc ~ηþΔ2
k�σΔcðξ�δiÞ�ðξ�δiÞ2 ¼ 0; σ ¼ 71: (60)
6.1. Stability of system with no contact force and no damping

Let us now analyze the stability regions in the parameter space. In the case of no damping and no contact forces, i.e.,
δi ¼ δe ¼ ξ¼ 0, the polynomial (55) reduces to

~η4þb1 ~η
2þb0 ¼ 0; ~η ¼ 2η

π
; (61)

with the coefficients

b0 ¼ ð4Δ2
Ω�Δ2

k Þ2�4Δ2
ΩΔ

2
c ; b1 ¼ 8Δ2

Ωþ2Δ2
k�Δ2

c : (62)
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As we mentioned in Section 4, for stability of the system without contact forces and damping, all roots ~η must be purely
imaginary. Thus, ~η2 must be real and negative. In terms of the polynomial coefficients this stability condition reads

b040; b140; D¼ b21�4b040; (63)

where the first two inequalities are the Routh–Hurwitz conditions ensuring that Re ~η2o0, and the last condition leads to
real roots ~η2. We use strict inequalities in Eq. (63) determining interior of the stability domain. Stability at the boundary of
this domain has minor importance for our problem, and it depends on the Jordan structure of multipliers [18].

Using Eq. (62), we write inequalities (63) explicitly in terms of system parameters as

ð4Δ2
Ω�Δ2

k Þ244Δ2
ΩΔ

2
c ; 8Δ2

Ωþ2Δ2
k4Δ2

c ;

64Δ2
kΔ

2
ΩþΔ4

c 44Δ2
kΔ

2
c : (64)

Fig. 3 shows the instability domain in the parameter space ðΔΩ;Δk;ΔcÞ determined as an exterior of the region given by
Eq. (64). This domain has a distinctive trefoil structure, which originates from the bifurcation of the quadruple multiplier
and, therefore, should be typical for rotors with static and rotating asymmetries.

It is easy to see that the system is stable for the static asymmetryΔka0 in the absence of the rotating asymmetryΔc ¼ 0.
In the opposite case of no static asymmetry Δk ¼ 0 and nonzero rotating asymmetry Δca0, the stability conditions
reduce to

2jΔΩj4 jΔcj: (65)

Therefore, the system is destabilized in a small interval of rotation speeds near the resonant value in agreement with well-
known results, e.g., [1,9].

Our new result is the stability region under the combined action of static and rotation asymmetries given in Eq. (64).
Fig. 4 shows the instability zones in the parameter plane for different ratios of Δk and Δc (two sections of the domain in
Fig. 3). The first-order analytical results are presented and confirmed numerically by integrating system (22) using the
Runge–Kutta method and checking the stability condition for resulting multipliers. For large values of asymmetries,
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Fig. 4. Trefoil instability zones in parameter space near the resonance point Ω0 ¼ 1 for a rotor with no contact force and no dissipation. Bold lines show the
first-order analytic approximation of the stability boundary and the gray instability regions represent the results of numerical simulations. (a) Fixed
ðc2�c1Þ=c¼ 8Δc ¼ 0:2 with variable Ω and ðk2�k1Þ=k¼ 8Δk . (b) Fixed ðk2�k1Þ=k¼ 8Δk ¼ 0:2 with variable Ω and ðc2�c1Þ=c¼ 8Δc .

Fig. 3. Trefoil instability domain in the space of three parameters: detuning of the rotation speed ΔΩ , static asymmetry Δk and rotating asymmetry Δc . For
the visualization purpose, we cut the instability region by a sphere. This region extends to negative Δk or Δc by symmetry.
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first-order analytic approximation of the stability boundary and the gray instability regions represent the results of numerical simulations. The rotating
asymmetry is chosen to be ðc2�c1Þ=c¼ 8Δc ¼ 0:2 as in Fig. 4a. (a) Effect of internal damping δi ¼ 0:012 when ξ¼ δe ¼ 0. (b) Joint effect of internal and
external damping δi ¼ δe ¼ 0:002 at the prevailing contact force ξ¼ 0:015.
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deviations from the first-order conditions become significant, though the stability regions retain their qualitative form. The
system has the general tendency to increase the unstable frequency interval with the increase of rotor asymmetry, which is
similar to the classical rotor with rigid bedding [1].

We conclude that the trefoil shape of the instability region results from the interaction of four modes, which form a
quadruple multiplier at the resonant point. One can see the drastic change in the structure of the instability region as
compared to the system with only rotating asymmetry, when a single tongue of instability appears. This difference is
attributed exclusively to intrinsic periodicity of system coefficients or, mechanically, to the combined effect of static and
rotating asymmetries of the rotor system.

6.2. Stability conditions for a rotor with nonconservative forces

Now let us return to the general case with nonzero contact force and damping. In this case stability is determined by the
condition (59) for the roots ~η given by Eq. (55). The value of ~η in Eqs. (55) and (58) does not depend on δe. Hence, adding
only external damping with no internal damping and no contact forces increases the stability region, which is an expected
result.

Setting damping to zero δi ¼ δe ¼ 0 and assuming ξ40 destabilize the system in the presence of rotating asymmetry
Δca0. One can check this by using the Routh–Hurwitz criterion, which shows instability for a polynomial of fourth order
(55) with a3 ¼ 0 and a1a0.

The effect of internal damping with no contact force and no external damping depends nonlinearly on other perturbation
parameters. Fig. 5a shows a change of the instability region in Fig. 4a for small internal damping δi ¼ 0:012 and ξ¼ δe ¼ 0.
We see that the resonant zone is weakly affected, while a small destabilization region appears in supercritical range ΔΩ40,
in agreement with the non-resonant stability condition (47).

Exactly at the resonance, i.e., when ΔΩ ¼ 0, the four values of ~η are found from Eq. (60). Writing the polynomial in
Eq. (60) in terms of η and applying the Routh–Hurwitz criterion for both signs σ ¼ 71, we find the stability conditions as

jΔcjo2ðδiþδeÞ; ðδiþδeÞ2þΔ2
k�ðξ�δiÞ24 jΔcðξ�2δi�δeÞj: (66)

For nonzero ΔΩ, explicit conditions of asymptotic stability can be written in the form of Routh–Hurwitz inequalities

α2α34α1; α1α2α34α2
1þα0α2

3; αj40; j¼ 0;…;3; (67)

where αj are the coefficients of polynomial (55) written in powers of η instead of ~η. In terms of the coefficients (56)–(58),
they yield

20ðδiþδeÞ3þ2a2ðδiþδeÞ4a1;

4ðδiþδeÞ2 a2þ4ðδiþδeÞ2
h i2

4a21þ16a0ðδiþδeÞ2;

ðδiþδeÞ4þa2ðδiþδeÞ2þa1ðδiþδeÞþa040;

4ðδiþδeÞ3þ2a2ðδiþδeÞþa140;

6ðδiþδeÞ2þa240;

δiþδe40: (68)
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Despite rather cumbersome form, stability conditions (68) have the advantage that they do not require integration of
time-dependent equations of motion. We expect that the first-order stability conditions for higher dimensional models of a
rotor have a similar form, resulting from the mathematical structure of bifurcation of quadruple semi-simple eigenvalue.
Fig. 5b shows an example of the joint effect of contact force and dissipation on the stability region in the parameter plane
ðΩ;ΔkÞ, which can be compared to Fig. 4a.

6.3. Secondary resonant zones

Finally, let us consider secondary resonances in the neighborhood of the rotation speeds Ω0 ¼ 1=n for n¼ 2;3;…, see
Eq. (29). Expressions (54) for the system period and its perturbation become

T0 ¼ nπ; T1 ¼ �n2πΔΩ: (69)

Using Eqs. (21) and (16), one can see that the matrix A1 contains only constant terms and terms proportional to cos ð2t=nÞ
and sin ð2t=nÞ. This yields a zero matrix G1 ¼ 0 given by the integral (43) for nZ2. The matrix G0 is determined by Eqs. (44)
and (45) as

G0 ¼ �nπ
2i

�ΔkþðδiþδeÞi δi=n�ξ
ξ�δi=n ΔkþðδiþδeÞi

 !
: (70)

In this case Eq. (42) reduces to a pair of quadratic equations represented as

det G0�ðη� iT1ÞI

 �¼ 0 or det G0�ðηþ iT1ÞI

h i
¼ 0: (71)

Using Eqs. (69) and (70), we find the four roots of Eq. (71) in the form

η¼ nπ
2

� δiþδe
� �

7 i2nΔΩ7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ�δi

n

� �2

�Δ2
k

s2
4

3
5: (72)

It is easy to see that the asymptotic stability condition (36) for the roots in Eq. (72) reduces to the stability conditions of
the non-resonant case (47) with Ω¼ 1=n. Therefore, the first-order approximation does not predict extra instability regions
near the resonant rotation speeds for nZ2.

One may notice some analogy of the resonances just described with the resonances of the Mathieu equation, where the
secondary resonant zones are also degenerate in the first approximation, e.g., [18, Section 9.4]. However, all secondary
instability zones exist for the Mathieu equation. These zones are very thin near the resonance points and require higher-
order approximations in the perturbation theory to be understood analytically [27]. We have the same situation in our
problem, as indeed confirmed by numerical simulations. Fig. 6 shows very thin instability zones, which appear for n¼2, and
similar zones were observed for larger n.

The first-order approximation can be used to understand some properties of the resonant zone in Fig. 6. Writing Eq. (72)
for the case of no damping and contact forces, δi ¼ δe ¼ ξ¼ 0, we have

η¼ inπ
2

72nΔΩ7Δk

 �

(73)

with four different choices of the signs. When Δk40, there are three conditions

Δk ¼ 72nΔΩ or ΔΩ ¼ 0; (74)
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Fig. 6. Trefoil shape of the secondary resonant zone near Ω0 ¼ 1=2 obtained using numerical simulations. Equal static and rotating asymmetries are
considered, c1 ¼ k1 and c2 ¼ k2, with vanishing nonconservative forces, ξ¼ δi ¼ δe ¼ 0. Dashed lines show the directions of the resonant trefoil obtained
analytically.
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when two roots in Eq. (73) coincide leading to a double eigenvalue ρ in Eq. (34). In the presence of multiple eigenvalues, the
system may become unstable due to higher order terms, see [18], as it occurs for our rotor. The three straight lines (74) are
shown in Fig. 6 and determine the initial directions of the trefoil resonance zone.

The secondary resonant zones are very thin and highly sensitive to damping forces and, thus, they will be difficult to
observe in realistic systems. On the other hand, these regions may get considerably larger and, thus, become technically
important for nonuniform (oscillating) rotation originating, for example, from a misalignment of the rotation shaft. In this
case the angular velocity Ω is not a constant, but a periodic function of time. Then, the system matrix (16) contains a full
Fourier series and leads to nonzero matrices G1 similar to Eq. (53) for all n. As a result, the trefoil instability zones appear
already in the first-order approximation for all secondary resonances.

We conclude that secondary resonant zones exist for the rotor in a way, which resembles the classical parametric
resonance theory [18, Section 11.2]. However, there are fundamental differences related to much higher degeneracy
(quadruple instead of a double eigenvalue) and, as a result, a new (trefoil instead of a tongue) shape of the resonant region.
It is interesting that the secondary resonance regions appear in subcritical range and originate from the combined action of
static and rotating asymmetries. Note that such regions cannot appear if equations of motion have constant coefficients in
the rotating frame [10].

7. Conclusions

In this paper we studied a non-circular Laval rotor in asymmetric beddings under dissipative and follower force type of
forcing. Deriving analytical approximations for the stability boundaries, an insight into the interactions of different effects
could be obtained. Normally in technical systems asymmetry is small and the dissipative and follower forces are small
compared to elastic restoring terms. This allowed us to treat asymmetries and nonconservative forces as perturbations of a
perfectly symmetric rotor. Despite the asymmetry and nonconservative forcing being small we saw that they drastically
influence the stability behavior. From a mathematical point of view, the problem is interesting because the unperturbed
system has eigenvalues up to multiplicity four in the context of Floquet theory leading to complicated analysis and highly
nonlinear form of stability conditions. From an engineering point of view, the problem is important because only by joint
consideration of internal and external asymmetries a universal understanding of the major effects is possible.

The analysis reveals that the rotor equations with constant coefficients arising from formulations either in a rotating or in a
stationary frame are degenerate since only one type of asymmetry can be studied at a time. From a design point of view, one
should note that, for translatory degrees of freedom orthogonal to the axis of rotation, the increase of external asymmetry has
a stabilizing effect in the sub- and supercritical ranges, which is not destroyed by internal asymmetry in the first
approximation. In many engineering problems stiffness properties are much easier to design than for example damping,
since the stiffness properties can normally be influenced by geometric designs. Especially around the critical speed, the
stability behavior is extremely rich and even the increase of external asymmetry cannot completely remove instability zones.
This once more reveals why the critical speed range in technical applications is passed by as quickly as possible when a rotor is
accelerated or decelerated. Finally, the joint action of the rotor and bedding asymmetries induces secondary resonance zones
in the subcritical region, which do not appear when the symmetries are considered independently.
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